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We establish efficient algorithms for weakly-interacting quantum spin systems at arbitrary tem-
perature. In particular, we obtain a fully polynomial-time approximation scheme for the partition
function and an efficient approximate sampling scheme for the thermal distribution over a classical
spin space. Our approach is based on the cluster expansion method and a standard reduction from

approximate sampling to approximate counting.

I. INTRODUCTION

The cluster expansion provides a powerful tool for devel-
oping approximation algorithms for statistical mechanical
systems. This method has been successfully applied to
obtain efficient algorithms for several models, including
the hardcore model [1-8], the Potts model [1, 3, 9-11],
and quantum spin systems [12-14]. For quantum spin
systems, efficient algorithms have been established at high
temperature [12, 14] and at low temperature for stable
quantum perturbations of classical spin systems [14].

In this paper, we apply this method to establish efficient
algorithms for weakly-interacting quantum spin systems
at arbitrary temperature. Our main results are a fully
polynomial-time approximation scheme for the partition
function and an efficient approximate sampling scheme
for the thermal distribution over a classical spin space.
Our algorithms are a natural extension of algorithms for
high-temperature systems to weakly-interacting systems
at arbitrary temperature.

Our approach is based on the algorithmic cluster ex-
pansion methods of Helmuth, Perkins, and Regts [1] and
Borgs et al. [9] for bounded-degree graphs. We apply their
approach in the setting of bounded-degree bounded-rank
multihypergraphs using the framework of Ref. [14]. That
is, we formulate the partition function as an abstract
polymer model following Kotecky and Preiss [15]. When
the polymer weights satisfy a suitable decay condition,
the cluster expansion provides a convergent power series
representation for the logarithm of the partition function,
which can be truncated to obtain efficient approxima-
tion algorithms. We obtain the sampling algorithm via a
standard reduction from approximate sampling to approx-
imate counting based on the chain rule for conditional
probabilities. We note that our results extend naturally
to fermionic systems; however, we focus on spin systems
for clarity of presentation.

Our results complement work on efficient algorithms for
approximating the ground state energy and correlation
functions of weakly-interacting quantum spin systems [16],
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rapid mixing of thermal samplers for weakly-interacting
quantum systems [17-19], and efficient algorithms for
approximating partition functions of weakly-interacting
fermionic systems [20].

This paper is structured as follows. In Section II, we in-
troduce the necessary preliminaries. Then, in Section III,
we establish our algorithm for approximating the parti-
tion function. In Section IV, we establish our algorithm
for approximately sampling from the thermal distribu-
tion over a classical spin space. Finally, we conclude in
Section V with some remarks and open problems.

II. PRELIMINARIES
A. Graph Theory

A multihypergraph is a generalisation of a graph in
which multiple edges between vertices and edges between
any number of vertices are allowed. We consider multihy-
pergraphs with uniquely labelled edges. Let G = (V, E)
be a multihypergraph. We denote the order of G by
|G| :== |V(G)| and the size of G by ||G|| .= |E(G)|. The
maximum degree of G is the maximum degree over all
vertices and the rank of G is the maximum cardinality
over all edges.

B. Quantum Spin Systems

A quantum spin system is modelled by a multihy-
pergraph G = (V,E). At each vertex v of G, there
is a d-dimensional Hilbert space H, with d < oo.
The Hilbert space on the multihypergraph is given by
Ha = ®vEV H,. We consider Hamiltonians of the form
Hg + AMHy, where Hg is non-interacting, Hy is a lo-
cal perturbation, and A € C is a parameter. The non-
interacting Hamiltonian is defined by Hg = ), . Py,
where ® assigns a self-adjoint operator ®, on H, to
each vertex v of G. The local perturbation Hamilto-
nian is defined by Hy = ) . V., where ¥ assigns
a self-adjoint operator ¥, on @), ., H. to each edge e
of G. At inverse temperature 3, the partition function
Z(B,A) is defined by Zg(B,A) = Tr [e”AHat )]
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and the thermal state pa(B, ) is defined by pg(8, ) =
(Za(8, )\))71 e BHetAHw) - The thermal distribution

Ipe(8,x) over the classical spin space [d]" is defined by

Loe s (@) = (x|pc (B, N)|z) for all x € [d]".

We shall restrict our attention to quantum spin systems
modelled by bounded-degree bounded-rank multihyper-
graphs. We shall assume that the trace is normalised so
that Tr(I) = 1, which is equivalent to rescaling the parti-
tion function by a multiplicative factor. Further, we shall
assume that ||®,| <1 for every v € V and that || U] <1
for every e € E, where || - || denotes the operator norm.
Note that this is always possible by a rescaling of 8 and
A

C. Abstract Polymer Models

An abstract polymer model is a triple (C,w, ~), where
C is a countable set whose elements are called polymers,
w: C — C is a function that assigns a weight w, € C to
each polymer v € C, and ~ is a symmetric compatibility
relation such that each polymer is incompatible with itself.
A set of polymers is called admissible if all the polymers
in the set are pairwise compatible. Note that the empty
set is admissible. The abstract polymer partition function
Z(C,w) is defined by

Z(C,w) = Z H Wey,

I'eG~el

where the sum is over all admissible sets of polymers G
from C. We consider abstract polymer models in which
the polymers are connected subgraphs of bounded-degree
bounded-rank multihypergraphs and compatibility is de-
fined by vertex disjointness. Accordingly, for a polymer
v, we denote its order by |y| = |V (v)| and its size by

= IE@)I-

D. Abstract Cluster Expansion

We now define the abstract cluster expansion [15, 21].
Let I be a non-empty ordered tuple of polymers. The
incompatibility graph Hr is the graph whose vertex set
is I" and has an edge between vertices v and ~' if and
only if they are incompatible. I' is called a cluster if its
incompatibility graph Hr is connected. Let G denote
the set of all clusters of polymers from C. The abstract
cluster expansion is a formal power series for log(Z(C,w))
in the variables w., defined by

log(Z(C,w)) = Z o(Hr) H Wy,
I'eGe ~yel
where (- ) denotes the Ursell function, defined by

o) = S (D

' SCE(H)
spanning
connected

Our approach is based on representing the partition func-
tion of a quantum spin system as an abstract polymer
model and applying the cluster expansion to approximate
the logarithm of the partition function.

E. Approximate Counting & Sampling

We now introduce some important concepts in approx-
imate counting and sampling. A fully polynomial-time
approximation scheme for a sequence of complex num-
bers (z,)nen is a deterministic algorithm that, for any
n and € > 0, outputs a complex number 2, such that
|zn, — Zn] < €|zy| in time polynomial in n and 1/e. An
efficient approzimate sampling scheme for a sequence of
probability distributions (g, )nen is a randomised algo-
rithm that, for any n and € > 0, outputs a sample from
a distribution fi,, such that ||p, — fin|py < € in time
polynomial in n and 1/e.

IIT. APPROXIMATE COMPUTATION OF THE
PARTITION FUNCTION

In this section we establish an efficient approximation
scheme for the partition function of weakly-interacting
quantum spin systems at arbitrary temperature. Our
approach is based on the algorithmic approach to cluster
expansions due to Helmuth, Perkins, and Regts [1] and
Borgs et al. [9] for bounded-degree graphs. We apply
their approach in the setting of bounded-degree bounded-
rank multihypergraphs using the framework of Ref. [14].
The resulting algorithm is similar to those for quantum
partition functions at high temperature [12, 14]. Our
result is formalised in the following theorem.

Theorem 1. Fiz A,r € Z>9 and 8 > 0. Let G = (V, E)
be a multihypergraph of mazimum degree at most A and
rank at most r, and let A be a complexr number such that

6—27",6’

etBA(5)

Then the cluster expansion for log(Za(8,\)) converges
absolutely, Za(B,\) # 0, and there is a fully polynomial-
time approximation scheme for Zg(B,\).

Remark. Theorem 1 extends naturally to fermionic sys-
tems where the non-interacting Hamiltonian is on-site.

We prove Theorem 1 by verifying that the conditions
required to apply the abstract polymer model approxima-
tion theorem of Ref. [14] are satisfied. That is, we show
that (1) the partition function Zg (8, A) admits a suitable
abstract polymer model representation, (2) the polymer
weights satisfy the desired bound, and (3) the polymer
weights can be computed in the desired time. This is
achieved in the following three lemmas.



Lemma 2. The partition function Zg (B, ) admits the
following abstract polymer model representation.

Za(B,N) = Za(8,0) > [ wy,
T'eG~el
where

Tr {eiﬁ(z’)év(v) PutADcer 'l’c):|

. _)IEGNT]
vi= 2 (1) Z.(3.0)

TCE(y)

We prove Lemma 2 in Appendix A.

Lemma 3. Fiz A,r € Z> and 8 > 0. Let G = (V, E)
be a multihypergraph of mazimum degree at most A and
rank at most r, and let A be a complexr number such that

|)\| - 6727',8

etBA(5)

Then, for all polymers v € C, the weight w. satisfies

" ((%) I |

We prove Lemma 3 in Appendix B.

Lemma 4. The weight w~ of a polymer «y can be computed
in time exp(O(|11]))-

Proof. The sum is over all subsets T' of E(v), of which
there are 2/17ll. For each of these subsets T, the trace may
be evaluated in time exp(O(]|v||)) by diagonalising the
sum of interactions and the partition function may be eval-
uated in time H'y||o(1) by a straightforward factorisation
argument. |

We now prove Theorem 1.

Proof of Theorem 1. By Lemma 2, the partition function
Za(B,\) admits an abstract polymer model representa-
tion, where the polymers are connected subgraphs of a
bounded-degree bounded-rank multihypergraph, and com-
patibility is defined by vertex disjointness. By Lemma 3
and Lemma 4, for all polymers v € C, the weight w,

satisfies
< 1 [Iv1l
TE\eap)

and can be computed in time exp(O(]|v||)). The proof
then follows from Ref. [14, Theorem 3], which states
that there is an efficient approximation algorithm for
abstract polymer model partition functions that satisfy
these conditions. ]

IV. APPROXIMATE SAMPLING FROM THE
THERMAL DISTRIBUTION

In this section we establish an efficient approximate sam-
pling scheme for the thermal distribution over a classical
spin space for weakly-interacting quantum spin systems
at arbitrary temperature. Our approach is based on a
standard reduction from approximate sampling to approx-
imate counting of marginal probabilities. Our result is
formalised in the following theorem.

Theorem 5. Fiz A,r € Z>9 and 8> 0. Let G = (V, E)
be a multihypergraph of mazimum degree at most A and
rank at most v, and let A be a real number such that

—2rB
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Then there is an efficient approximate sampling scheme
for the thermal distribution p,. g x) over the classical

spin space [d]V .

Remark. Theorem 5 extends naturally to fermionic sys-
tems where the non-interacting Hamiltonian is on-site.

To prove Theorem 5, we use the following lemma, which
is standard in the theory of approximate counting and
sampling. It shows that the existence of a fully polynomial-
time approximation scheme for marginal probabilities
implies an efficient approximate sampling scheme for the
distribution. We note that more general results are known
for self-reducible problems [22, 23].

Lemma 6. Letn € N and d € Z>5 be integers, and let p1
be a probability distribution over [d]™. If there exists a fully
polynomial-time approzimation scheme for the marginal
probabilities p(x) for all v € Ugc [d]®, then there is an

efficient approzimate sampling scheme for p.

We prove Lemma 6 in Appendix C. We now prove
Theorem 5.

Proof of Theorem 5. By Theorem 1, there is a fully
polynomial-time approximation scheme for Zg (8, ),
which extends to the marginal probabilities ju,., s,x) () for
allz e ch[d]s by restricting the trace to the appropri-
ate subspace. The result then follows from Lemma 6. W

We note that this approach can be applied with the
results of Refs. [12, 14] to obtain an efficient approximate
sampling scheme for quantum spin systems at high tem-
perature. A similar result in this setting was obtained in
Ref. [24] using related methods. Our approach leads to
sharper bounds on the inverse temperature and demon-
strates that such results can be obtained straightforwardly
from results on approximate counting for quantum spin
systems. At higher temperatures, efficient sampling algo-
rithms have been developed with runtime polynomial in
|V| and log(1/e€) [25, 26].



V. CONCLUSION & OUTLOOK

We have established efficient algorithms for weakly-
interacting quantum spin systems at arbitrary tempera-
ture. We obtained a fully polynomial-time approximation
scheme for the partition function and an efficient approx-
imate sampling scheme for the thermal distribution over
a classical spin space.

It would be interesting to extend these methods to
local perturbations of free-fermionic Hamiltonians, where
efficient algorithms are known via the cumulant expan-
sion [20]. Tt would also be interesting to obtain efficient
algorithms with runtime polynomial in |V and log(1/€),

extending recent progress on high-temperature sampling
algorithms [25, 26].
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Appendix A: Proof of Lemma 2

Lemma 2 (restatement).

ZG(ﬁa ZG ﬁa

where

W,y = Z (_1)\E(W)\T\

The partition function Zg(B8,A) admits the following abstract polymer model representation.

ST

T'eG~el

Tr {e_'g(zvevm) QoA cer ‘I'f')]

TCE(y)

Z"/(/Bvo)

Proof. By the principle of inclusion-exclusion (see for example [27, Theorem 12.1]),

ZG’(57)‘)

— Ty {e—B(Hq,-&-)\H\p)}

:Z( IS\Z

SCE TCS

We now extract an overall factor of Zg(3,0)

Za(B,N) = Za(B,0) Y (-

SCE

1)!S] Z

TCS

1)ITI Ty [ B(He+A Y cr ¥ )} i

=Tr [e’ﬁH‘I’]. This gives

Tr {675(21;6511pp(s) [ ZeeT \IIE):|

Tr |:e_[—3 Z1;€supp(s) <I>“:|

|T|

For a subset S C E, let I's denote the set of maximally connected components of S. By factorising over these

components, we have

ZG(BvA ZG /Ba

DININDINC

SCE~€eTs TCE(Y)

O)Z Hw,y

SCE ~€Tg

O)Z va.

reg~er

This completes the proof.

|E(’Y)\T\

Tr [e*B(Zvevm PvtAdicer ‘I’e)}
Z,(8,0)




Appendix B: Proof of Lemma 3

Lemma 3 (restatement). Fiz A,r € Z>g and § > 0. Let G = (V, E) be a multihypergraph of mazimum degree at
most A and rank at most v, and let A be a complex number such that
e—2'r,8

AN < —rnr.
RRENG

Then, for all polymers v € C, the weight w~ satisfies

|w7|<<e3A1(;)>M.

Proof. Fix a polymer . Let P denote the set of all sequences of edges in . By applying the Duhamel expansion, it
follows from the triangle inequality and the submultiplicativity of the norm that

Tr [e_ﬁ(zvev(w) Syt ZeeT \Il"‘)
wy| < —1)I7!
S PV Z,(5.0)

TCE(v)
eBll g|)\|
< > HH\I’ [
vayo)pep o A1
Ip\
wmz BIAD!
—
5 ol

There are exactly {H:HHWH! sequences p of length n whose support is 7, where {IIZH} denotes the Stirling number of
the second kind. Hence, we may write

i I
| < 281 3 {”7'}”7”( gAY = 2ol (e 1)

n=|~l

n x_q1\k
where we have used the identity 02 {7} %7 = % Now, since |v| is at most (r — 1)||y|| + 1, we have

[Iv1l
[wy] < (ezrﬁ (em)‘l — 1)) o

By taking |\ < (e‘%A(Q)ezrﬁ)fl, we obtain
3 1 [l
=) o

completing the proof. [ |

Appendix C: Proof of Lemma 6

Lemma 6 (restatement). Let n € N and d € Z>4 be integers, and let p be a probability distribution over [d]™. If there
exists a fully polynomial-time approximation scheme for the marginal probabilities u(x) for all x € Usg[n] [d]®, then
there is an efficient approximate sampling scheme for u.

Proof. We construct an efficient approximate sampling scheme by applying the chain rule for conditional probabilities.
For a sequence = = (x;)_,, we sample each z; € [d] conditioned on the previously sampled values z~; = (xj);;ll,
using the conditional probability

. ﬂ($<1$z)
PTG | T<i) = S, s
(e | o< Zye[d] fi(z<iy)



where [i(x<;2;) is an approximation to p(z;x;). These approximations are obtained via the assumed fully polynomial-
time approximation scheme to within an error of €/(3n). Then, for 0 < e <1,

R €
(i | w<i) — @i | 2<i)| < ﬁﬂ(xi | £<3).

Hence, we sample z € [d]™ with probability

fi(z) = _Hﬂ(xi | 224),

such that

(@) — )| < 2ep(x).

Therefore, the total variation distance between p and fi is bounded by

N 1 N
e = Allry = 5 > ) — @) <e D> plr) =
zeld)™ z€[d]™
This establishes an efficient approximate sampling scheme for p, completing the proof. |
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