A Unified Graph-Theoretic Framework for Free-Fermion Solvability
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We show that a quantum spin system has an exact description by non-interacting fermions if
its frustration graph is claw-free and contains a simplicial clique. The frustration graph of a spin
model captures the pairwise anticommutation relations between Pauli terms of its Hamiltonian in a
given basis. This result captures a vast family of known free-fermion solutions. In previous work,
it was shown that a free-fermion solution exists if the frustration graph is either a line graph, or
(even-hole, claw)-free. The former case generalizes the celebrated Jordan-Wigner transformation
and includes the exact solution to the Kitaev honeycomb model. The latter case generalizes a
non-local solution to the four-fermion model given by Fendley. Our characterization unifies these two
approaches, extending generalized Jordan-Wigner solutions to the non-local setting and generalizing
the four-fermion solution to models of arbitrary spatial dimension. Our key technical insight is the
identification of a class of cycle symmetries for all models with claw-free frustration graphs. We
prove that these symmetries commute, and this allows us to apply Fendley’s solution method to
each symmetric subspace independently. Finally, we give a physical description of the fermion modes
in terms of operators generated by repeated commutation with the Hamiltonian. This connects our
framework to the developing body of work on operator Krylov subspaces. Our results deepen the
connection between many-body physics and the mathematical theory of claw-free graphs.
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I. INTRODUCTION

The Jordan-Wigner transformation represents a fasci-
nating insight into the physics of quantum many-body
spin systems. It identifies collective spin degrees of free-
dom with those of fermions, resulting in a fermionic model
with corresponding properties to the spin system of in-
terest [1]. It is perhaps best-known for its application to
models where the effective fermions are non-interacting,
allowing for an exact solution to these otherwise non-
trivial systems [2]. Since its discovery, the Jordan-Wigner
transformation has been generalized to an entire fam-
ily of exact free-fermion solutions [3-13], yielding new
understanding for a wide class of spin models.

Free fermions have a rich connection to combinatorics
and quantum information. Quantum circuits describ-
ing the time evolution of free-fermion systems under the
Jordan-Wigner transform are the focus of fermionic linear
optics, where they are also known as matchgate circuits.
These circuits were initially proposed by Valiant as an
instance of a holographic algorithm [14], inspired by the
Fisher-Kastelyn-Temperley algorithm [15-17] for counting
weighted perfect matchings in a graph. They illustrate
the deep connection between fermions and combinatorial
structures. While matchgate circuits can be efficiently
simulated classically in a fixed basis, simple changes to
this setting make them classically intractable or even uni-
versal for quantum computation [18-22]. They are thus
a useful setting for understanding the transition from
classical to quantum computational power. Furthermore,
efficient classical algorithms are often reflected in the
exact solvability of quantum models, as with Valiant’s
original proposal for matchgates.

The application of combinatorial tools for describing
effective fermions has found renewed interest in quantum
chemistry [23-25], where efficient fermion-to-qubit map-
pings are necessary for simulating interacting fermions on
a quantum computer [7, 26-36]. These mappings can, in
some sense, be considered the reverse problem of finding
a free-fermion solution to a spin model.

Concretely, the Jordan-Wigner transformation and its
generalizations map many-qubit Pauli observables directly
to fermionic operators: the Majorana modes. These map-
pings are generator-to-generator, as they identify a direct
correspondence between Hamiltonian terms in the spin
system and terms in its dual fermion model. They are also

generic in that the solution method applies for all values of
the Hamiltonian couplings. In Ref. [37], a connection was
shown between the solvability of a system by this method
and its frustration graph. This is the graph whose vertices
correspond to terms in the spin Hamiltonian, written in
a given Pauli basis, and are neighboring if the associated
Pauli operators anticommute. It was shown in Ref. [37]
that a generator-to-generator free-fermion solution is pos-
sible if the frustration graph is a line graph. This property
corresponds to the absence of certain forbidden induced
subgraphs of the Hamiltonian frustration graph: anti-
commutation structures among subsets of Hamiltonian
terms that obstruct a free-fermion solution. Additionally,
solutions captured by the line-graph characterization gen-
erally include a set of Hamiltonian symmetries associated
to induced cycles—or holes—of the frustration graph.

Free-fermion solvable models

(a)
Line graphs
e.g. XY chain,
Kitaev honeycomb

(c)
Simplicial, claw-free
(this work)

Line graphs of
even-cycle-free
graphs

(b)
(even-hole, claw)-free
e.g. four-fermion

FIG. 1: Summary of this work in relation to earlier
results. (a) A generalized Jordan-Wigner solution exists
if the frustration graph of the given spin model is a line
graph [37]. (b) A solution of the type given in Ref. [38]
holds when the graph is (even-hole, claw)-free [39].
Though these two graph classes intersect, neither class
contains the other. (¢) We unify these methods to show
that a free-fermion structure exists for simplicial,
claw-free frustration graphs. We expect that there are
more free-fermion-solvable models beyond this
characterization, such as models with non-generic
solutions.

More recently, a free-fermion solvable model outside
of the generalized Jordan-Wigner framework, called the
four-fermion model, was given in a remarkable result by
Fendley [38]. Here, the fermions correspond to non-linear
polynomials in the Pauli terms of the spin Hamiltonian,
rather than individual terms. This solution holistically
maps the spin Hamiltonian onto the free-fermion Hamilto-
nian and is generic, despite apparently transcending the



generator-to-generator structure. Surprisingly, a solution
of this form is also revealed by the absence of certain
forbidden induced subgraphs of the Hamiltonian frustra-
tion graph [39]. These forbidden subgraphs include the
claw (K7,3) as well as all holes of even length. As the
claw is also a forbidden subgraph for line graphs, the
family of line graphs and that of (even-hole, claw)-free
graphs share some overlap, but also each include graphs
not present in the other, as shown in Fig. 1. In a gener-
alized Jordan-Wigner solution, even holes correspond to
the aforementioned Pauli symmetries. This suggests that
a set of generalized cycle symmetries exists to unify these
two methods under one framework.

In this work, we give a graph-theoretic characterization
of this framework. Our main result is summarized in
Fig. 1. We show that if the frustration graph is claw-free
and contains a structure called a simplicial clique, then
it admits an exact free-fermion solution. The existence
of this structure can be efficiently determined in claw-
free graphs via the algorithm of Ref [40]. We refer to
this set of graphs as simplicial, claw-free (SCF). Both
graph classes of Refs. [37, 39] have this property [41].
It is an interesting feature of our characterization that
free-fermion solutions are generalized much in the same
way as the graphs that describe them. Importantly, our
result removes the even-hole-free assumption of Ref. [39],
and so extends the non-local solution method given by
Fendley to systems of arbitrary spatial dimension. We
are able to relax this assumption precisely by identifying
a class of cycle-like symmetries, which generalize the
cycle symmetries of Jordan-Wigner-type solutions. This
identification can be seen as our main technical insight.

Our paper is structured as follows. In the remainder of
the introduction, we summarize our main results and ap-
ply them to a small example application. In Section II, we
give some background on frustration graphs and standard-
ize our graph-theoretic notation. In Section III, we review
free-fermion models and motivate the use of graph theory
to find free-fermion solutions. In Section IV, we refine our
focus to the discussion of more technical topics surround-
ing claw-free graphs. We prove our main results in the
following sections. We prove Theorem 1 in Section V. We
show how this extends previous proof techniques to allow
us to prove Theorem 2 in Section VI. In Section VII, we
prove Theorem 3 by using a complementary set of tools to
give an operational picture for the effective fermion modes
in terms of operator Krylov subspaces. Finally, we give a
numerical example of an explicit two-dimensional model
whose free-fermion solution lies outside the generator-to-
generator formalism in Section VIII. We conclude with a
discussion of open questions in Section IX.

A. Summary of Results

We consider many-body spin systems on n qubits with
Hamiltonians written in the Pauli basis

H=Y bjol =Y by, (1)

jev JEV

where V' C {I,z,y,2}*™ is a set of strings labeling the
n-qubit Pauli operators in the natural way, and h; = bjO'j
with bj € R\{O}.

The frustration graph G = (V, E) of H is the graph
with vertices given by the non-zero Pauli terms in H,
neighboring if the corresponding Pauli terms anticommute.
Our main result extends the class of free-fermion solvable
spin Hamiltonians H based on their frustration graphs

G.

Result 1 (Theorem 1 and Theorem 2). Let H be a Hamil-
tonian whose frustration graph G is connected, claw-free,
and contains a simplicial clique. There exist commuting
symmetries {JéC(’)}(CU), defined in terms of even holes in
G, such that each symmetric subspace, labeled by J, with
projector I 7, admits a free-fermion solution,

(@)
H=Y" Y eqslbasvl ]| 07, (@)
J i=1

where a(G) denotes the independence number of G. The
fermionic ladder operators {1 7 ;} 7 ; are constructed from

another set of symmetries {Qgc)};:(zco), defined in terms of

independent sets of G. The symmetries {ng)}g(:co) com-

mute with each other and with the symmetries {Jé,co>}<co>.
The single-particle energies {7 ;}7,; can be calculated
from the roots of a generalized characteristic polynomial
Zg.g(—u?) over each symmetric subspace specified by the
projector 11 7.

When the frustration graph G is not connected, we
have an independent solution for each connected compo-
nent of G. The precise definitions of the fermionic ladder
operators, single-particle energies, and the generalized
characteristic polynomial are given in Section III. The-
orem 1 shows that the symmetry operators {Qg€ ) (,:(_Cé)

and {Jé,cw}((;o) are commuting. We use this theorem to
apply the solution method of Refs. [38, 39] independently
to each symmetric subspace, thus proving Eq. (2) as The-
orem 2. When there are no even holes, there is only a
single such subspace, and we recover the result proven in
Ref. [39].

While our result gives an exact, explicit means to solve
the Hamiltonian in Eq. (1), we would also like to extract a
physical picture for the fermion modes from the solution.
We address this with our second main result.

Result 2 (Theorem 3 and Corollary 12). Given a Hamil-
tonian H with a connected, simplicial, claw-free frustra-
tion graph G. Let x = 0? be a Pauli operator such that



37 is not in V, and x anticommutes only with operators
corresponding to the vertices in a simplicial clique of G.
The operator x commutes with each of the generalized
cycle symmetries {JC(;CO>}<CO>. For each symmetric space
J, as defined in Result 1, there exists a real matriz Ag 7,

whose elements are indexed by induced paths in a graph
G*, such that

P

where ad; ;y x = [iH, x|. The matriz Ag, 7 is the weighted
adjacency matriz of a directed bipartite graph, with weights
specified by the subspace J. The operators {ad%; x}i
satisfy

7 {adly x,adly x} = 2(—2i)"t* (AL I
ladly xoadly X} = 20207 (AZG)

=2Mg,g);, 7, (4)
where the real matriz Mg,z is positive definite for all J.

Result 2 essentially says that we can define effective
Majorana fermion modes by acting on x by repeated
commutation with H. Over each symmetric subspace 7,
the matrix Ag, s is a weighted unpacking of the frustra-
tion graph G, and we utilize the fact that the operators
{ad¥; x}x become linearly dependent for k larger than a
certain rank to refold them into effective Majorana modes
by diagonalizing the matrix Mg, 7. In this picture, the
matrix Ag, s acts as an effective single-particle Hamilto-
nian for these Majorana fermions. Before we prove these
results, we first consider an example application.

B. Example Application

We consider a model defined on four qubits by the
following Hamiltonian

H =0} +0; + 0705 + 0050} + 0l05 + 0j0}

(5)

+ojo5oiol + oloyolo],

where, for succinctness, we have set b; = 1 for all
j € V. We denote a given Hamiltonian term by h;, for
j€{1,2,...,8}, based on the order in which the term
appears as written in Eq. (5).

The frustration graph of this model, shown in Fig. 2,
is claw-free and contains the simplicial cliques

Ks,l = {]-a 2; 5,8}7

2 = {Za S}a
K3 = {3,4,6,7).

ho

hs

In

hsg

FIG. 2: The frustration graph of the model given in

Eq. (5). The graph is not a line graph, but it is claw-free
and contains a simplicial clique. The model therefore
admits a free-fermion solution.

We define the following products of operators over the
even holes in the frustration graph

he, = hihshohy = 0¥,

hc, = hihshohg = 0503,

hey = hihshahr = 040y,

hc, = hshshohy = —ojoyoio},
hey, = hshshahg = 0i0y073,
hcg = hshshaohr = o700y,
he, = hshghahs = o7,

hey = hshehrhs = —o50],

where the operator ordering for each even hole is such
that operators are grouped into the coloring classes of
the hole. We collect these operators into sums to give the
generalized cycle symmetries

6
Ch) — Z wa
thk

It can be straightforwardly verified that the operators J;
and Jy commute with the Hamiltonian, even though the
individual terms in {h¢, }3_, do not. Notably, the cycle
symmetry J; does not square to an operator proportional
to the identity. Thus, it is not proportional to a Pauli
operator in any basis, in contrast to the setting where the
frustration graph of the model is a line graph. Rather,
we have

(C7)
JG

Ji =61 —2J5, Ji=+£\6—20,
J3 =2I, = +/2,



and J; and Jo commute, as we expect from Result 1. We
restrict to their mutual eigenspace by choosing a sign
configuration in the expressions for J; and [J>. We now
apply Result 2. First, we choose

Y Y

J— xr _z
X = 01050507,

as the Pauli operator corresponding to vertex j*. This
operator anticommutes only with the Hamiltonian terms
in the simplicial clique K ;. Next, we consider products of
Hamiltonian terms along induced paths of the frustration
graph with one endpoint at 5%, and we let K be the
sum of all such products over paths with length /¢, taking
the convention that K (9 = y. Acting on x with repeated
commutators by the Hamiltonian gives

adly x = K@,
adfy x = —2iKW,
ad2; x = (—2i)2 (4K<0> + K<2>> :
adSy x = (—2i)3 [ (4K<1> + K<3>)
+x (8h + ha + hs + 2hs) |,
adly; x = (—2i)? {[23 —2(Jy + )] K© 4 8K<2>} .
The fourth nested commutator is a linear combination of

the previous ones over each mutual eigenspace of general-
ized cycle symmetries in the set {Jy, Jao},

adiy x = —16 (9 + 2J1 + 2J2) (ad¥y x) — 32 (adip X) -

As a linear map on the cyclic subspace generated by ¥,
ad;y thus satisfies the following characteristic polynomial
over the subspace labeled by J = (71, J2),

fr(u) = u* 4 32u® + 16(9 + 271 + 2J2).

This coincides with the generalized characteristic polyno-
mial (Lemma 11),

Za 7(x) =1+ 8z + 922 + 2(Jh + Jo)a?,

as

fr(w) =u'Zag 7 [(2/w)?]

so the polynomial Zg, 7(x) is equivalent to f7 up to a
polynomial transformation. As will be defined, the single-
particle energies are the reciprocals of the positive roots
of Zg,7(—u?). These are the positive roots of f7(2iu)
and are related to the eigenvalues of ad;y as a linear map
on the aforementioned vector space of operators. We have

Ej)iZ\/éli

This gives the spectrum of the model as

7=2(0 + J2).

Egx= ()" s+ (-1)"¢eg,

for x = (z4,2z_) € {0,1}*2. An explicit description of
the physical Majorana modes can be found by taking the
linear combinations of {ad%; x}3_, which diagonalize the
matrix Mg, 7, as defined in Eq. (4), and normalizing. We
see that any such linear combinations are preserved under
commutation with H by their definition.

Formally, we have found the Krylov subspace of ad; g
generated by x on a particular symmetric subspace, so
our treatment is completely general in that sense. Op-
erationally, free fermions only enter into the description
through Eq. (4), which can be viewed as a generalized
canonical anticommutation relation. We see that, even
without this relation, the presence of symmetries is neces-
sary for restricting the rank of the Krylov subspace, so
Krylov subspace methods may provide a route to applying
graph theory to more general models. We now describe
the background of our framework in detail and prove our
main results.

II. FRUSTRATION GRAPHS

In this section we explain frustration graphs and stan-
dardize our graph-theoretic notation. A graph G = (V, E)
is a set V of vertices, together with a set E C V*?
of edges. Two vertices 3,k € V are said to be neigh-
boring if there is an edge {j,k} € E. Two edges
{j,k},{u,v} € E are said to be incident if they share
a vertex, i.e., [{j,k} N{u,v}| =1. A vertex j € V and
edge {u,v} € E are similarly incident if j € {u,v}. The
order of a graph is the cardinality |V| of its vertex set.
The size of a graph is the cardinality |E| of its edge set.

Since Pauli operators either commute or anticommute,
it is convenient to describe the relations between terms
in a spin Hamiltonian by a graph.

Definition 1 (Frustration graph). The frustration graph
of the Hamiltonian H in Eq. (1) is the graph G = (V, E)
with

E={{3,k} | hjhs = —hih;}. (6)

The frustration graph is always simple. There are no
self loops because every Hamiltonian term commutes with
itself, and there is at most one edge between each pair
of terms. As stated previously, terms in H from distinct
connected components of G will commute, so we have an
independent solution for each such component. For this
work, we additionally assume that all models have finitely
many terms, so the frustration graphs we consider are
finite. Without loss of generality, we assume that distinct
vertices in the frustration graph correspond to distinct
Pauli terms in H. (We can always collect repeated Pauli
terms by adding their coefficients b;.) We shall often
refer to terms in the Hamiltonian interchangeably with
their vertices in the frustration graph. The commutation
relation between Pauli terms is clearly unchanged by
including the coefficients in their definitions, so we prefer
to give statements in terms of the h; rather than the o,



with the understanding that h; = b?[ . The frustration
graph thus naturally captures properties of the spin model
that do not depend on the coefficients. We refer to such
properties as generic.

We next consider subsets of Hamiltonian terms and the
associated induced subgraphs of the frustration graph.
To this end, we define our labeling scheme in Eq. (1)
more precisely. We can equivalently describe a Pauli
string j € {I,z,y,2}*™ by a binary string on 2n bits by
associating each single-qubit Pauli label to a 2-bit string
as I — (0,0), z — (1,0), y — (1,1), and z — (0,1). Let
j=(Js 3,) €{0,1}*2" be the binary vector such that
the kth component j; ; of j, is the first bit of the kth
qubit label according to this association, and, similarly,
Jzk is the second bit of the kth qubit label. This gives

O'j _ Z'j’”'jz [@ (U]acc)hk‘| [@ (Uz)jz,k

k=1 k=1

(M

where j,-7, = ZZ=1 Ja.kJzk denotes the Euclidean inner
product.

The scalar commutator between Pauli terms is defined
implicitly via

odo® = o9, d*]o* a7 (8)

Since Pauli operators either commute or anticommute,
we have [09, 0] = 1. The sign factor is given by

[07,0"] = (1), (9)

where (j, k) = 30— (Jamkzm + Jzmkam) (mod 2) is
the binary symplectic inner product. The scalar commu-
tator distributes over multiplication as

[A, BC] = [A, B][A, C], (10)

and, accordingly, the binary symplectic inner product is
linear in 5 and k. The scalar commutator and binary
symplectic inner product are similarly well defined for the
operators {h;};cy as well.

For a subset U C V, the induced subgraph G[U] is the
subgraph of G whose vertex set is U and whose edge set
E[U] = ENU*? consists of all edges in G which have both
endpoints in U. We shall often refer to the vertex subset
interchangeably with the subgraph it induces. Similarly,
we shall use set-theoretic notation to denote the exclusion
of vertices, e.g., G\U = G[V\U].

An important family of vertex subsets is given by the
neighborhoods of vertices in the graph.

Definition 2 (Open and closed neighborhood). The open
neighborhood of j € V is the set given by

I'(g) ={k[{5.k} € E}, (11)
and the closed neighborhood of j is the set given by
Ily]=T0) u{s}- (12)

The degree A(3) = |T'(j)| of j is the order of its open
neighborhood.

We often refer to the open or closed neighborhood of a
vertex j in a subset of vertices U C V by 'y (j) = T'(§)NU.
Similarly, T'y[j] = Tv(j) U {j}. Note that we do not
necessarily assume j € U for this definition. Accordingly,
we refer to the degree in a subset by Ay (3) = [Tv(9)]-
We shall also refer to the closed neighborhood of a subset
U CV by I'lU] = U,y I'ld], and similarly for the open
neighborhood when there is no ambiguity.

One useful feature of the binary linear structure of
commutation relations between Hamiltonian terms is that
it allows us to talk about commutation relations between
products over subsets of terms. We can thus extract
such commutation relations from the frustration graph.
In general, we let hy = HjeU h; denote the product
of all operators whose vertices in G are members of a
particular subset U C V. Since reordering the operators
in this product contributes an overall sign factor to hy,
the operator ordering is irrelevant to the commutation
relations involving Ay and other products of Hamiltonian
terms. We define the operator ordering for specific families
of vertex subsets on a case-by-case basis. With these
definitions, we have

[h, hv] = (~1)20 9, (13)

for any j € V. That is, (§,> pcy k) = Av(j) (mod 2) as
we expect. We denote the symmetric difference between
vertex subsets U, W C V by UsW = (U\W) U (W\U).
Applying the constraint that h? o I gives

[, hvew] = [k, hullh;, hw], (14)

so that the commutation relation between h; and hy is
only changed by taking the symmetric difference with W
if hj and hy anticommute.

We proceed to define the relevant graph-theoretic struc-
tures for this work. An independent set S in G is a subset
of vertices with no edges between them. For the corre-
sponding operator hg the ordering of the factors in the
product is irrelevant, as these factors commute with one
another. The independence number «(G) is the order
of the largest independent set in G. We denote Sg as

the collection of all independent sets in G and let Sék)
denote the collection of all independent sets of order k
from G. A matching M in G is a subset of edges such
that no two edges in M are incident. A perfect matching
is a matching such that every vertex in V' is incident to
exactly one edge in the matching. Clearly, a graph can
only have a perfect matching if its order is even. We
denote M as the collection of all matchings in G and
let M(Gk) denote the collection of all matchings of k£ edges
from G.

The claw is the graph consisting of a central vertex
neighboring to every vertex in an independent set of order
three (see Table I). That is, it is the complete bipartite
graph K, 3. The vertices in the three-vertex independent
set are called the leaves of the claw. A graph is claw-free
if it does not include the claw as an induced subgraph.
When we list a subset of vertices that induces a claw, we



shall generally order the list by the central vertex followed
by the leaves.

Forbidden
Claw K173

Includes

TABLE I: (a) A graph is claw-free if no subset of its
vertices induces the claw K 3. (b) A simplicial clique K
(orange) is a clique such that the neighborhood of each
vertex in K induces a clique in the graph G\ K. The
depicted simplicial clique consists of the vertices {a,e}.
The neighborhood of the vertex a in G\ K is the clique
K4 = {b, c}. Similarly, the neighborhood of e in G\ K
is the single vertex K, = d. Crucially, our result
captures frustration graphs containing even holes.

A path is a set of distinct vertices P = {j,}¢_, with 5,
neighboring to j,,, for i € {0,...,£ —1}. The vertices
{do, 3¢} are the endpoints of the path, and the quantity
¢ is the length of the path. When P C V is a subset of
vertices such that E[P] = {{j;,J;11}}i=0, we say P is an
induced path. That is, there are no edges in E[P] other
than those between vertices with consecutive indices in
the path, of which there are ¢. We refer to the index ¢ as
the distance from j; to j, along P in this case, and we
give the vertex labeling for P as

P = jgdi-- - - (15)

For the corresponding operator hp, we similarly order
the factors from left to right by their distance from an
endpoint in accordance with the labeling. We denote the
set of all induced paths in G by Pg and the set of all
induced paths in G of length ¢ by ’Pg ). We also define
Py, as the subpath of P induced by the vertices up to j,
Le, P, = {4 }io-

A cycle is a set of distinct vertices C = {4, }/Z¢ with
J; neighboring to j;,, for i € {0,...¢ — 1} with index
addition taken modulo ¢. The quantity ¢ is the length of
the cycle. When C' C V is a subset of vertices such that
ElCI={{JiJit1 (moa 4)}}5;3 for £ > 4, we say C is an
induced cycle or hole. In this case, ¢ = |C| is the number
of vertices and edges of the hole.

An even hole is a hole with an even number of vertices
and edges. If C is an even hole with length ¢ = 2k, then
there are two unique independent sets of size £ > 1 in C,
which are the coloring classes of C. Let these coloring
classes be C, and Cj,. We give the vertices of C' in each

coloring class distinct labels, as
C = bo-ao—bl-al— .o —bkfl-akfl-b(h (16)

where C, = {a; ?;& and Cy = {b; ?;é. Here, we take
addition in the indices of these vertices modulo k. We
choose the factor ordering for the operator corresponding
to C' as h¢ = h¢, hc,, where the ordering within each of
the coloring-class factors is again irrelevant as these are
independent sets. Furthermore, we are free to exchange
the ordering of h¢, and hc,, as these operators commute

(we occasionally group factors in hp this way as well).
(even)

We denote the set of all even holes in G by Cg and
the set of all even holes in G of length ¢ by Cg). We say

two even holes C, C’ € C*™ are compatible if and only
if G[C U '] is a disconnected graph whose components

are G[C] and G[C’]. We let (féeven) denote the collection
of all subsets of Cgven) that are pairwise compatible. For
a given such subset X € %éeven), ie, X C Cgfven), we let

owx=Jc (17)
CeXx

denote the set of vertices in X'. Let |X'| denote the number
of even-hole components in X, and |0X| be the total
length of all the elements of X.

A cligue K in G is a subset of vertices such that every
pair of vertices in K is neighboring. A simplicial clique
K, is a clique such that, for every vertex j € K, I'(j) in-
duces a clique in G\ K (see Table I). A graph is simplicial
if it contains a simplicial clique. We say that a Hamilto-
nian is simplicial, claw-free (SCF) if its frustration graph
is claw-free and contains a simplicial clique. Together,
the aforementioned graph structures play an important
role in the free-fermion solvability of a Hamiltonian with
frustration graph G.

III. FREE-FERMION MODELS
A. Exact Solutions

A free-fermion Hamiltonian has the form

Hf =1 Z hjk’yj’yk (18)
(jak)eEf
)
=57 he, (19)

where we collect the set of Majorana fermion modes in
the vector v = (v;) and the Hamiltonian coefficients in
the single-particle Hamiltonian h = (h;;). We denote the
set of Majorana indices by V; and the set of pairs {j, k}
of distinct elements of V; for which hjj, is non-zero as E.
The graph R = (V%, E) is the Majorana hopping graph,
and h is a weighted skew-adjacency matrix for R.



The Majorana modes satisfy the canonical anticommu-
tation relations

{75 v} = 17 + ) = 205,10 (20)

Products of Majorana operators only commute or anti-
commute and square to 1. Without loss of generality,
we take h to be antisymmetric, since any symmetric part
of h will only contribute a physically irrelevant identity
term to Hy by Eq. (20).

The canonical anticommutation relations imply that
linear combinations of the Majorana modes are preserved
under commutation with the Hamiltonian.

This gives

eint,yje—int _ (e2ht "7)j , (22)
and e?P* is called the single-particle transition matriz.
Since h is antisymmetric, e??* is an orthogonal matrix in
the group SO(|V4|). Thus, conjugation by free-fermion
unitary evolution preserves the canonical anticommuta-
tion relations.

Similarly, we can find an orthogonal matrix e" that

block-diagonalizes h as

[Vil/2

e -h-e = P (50] _§j>, (23)

j=1

if |V4| is even. If |V4| is odd, then the tensor sum runs to
[[V%|/2], and h has an additional zero eigenvalue. Choos-

ing W = et (7T w) gives

LIVel/2]
WHHW = —i Z €5V25—172;- (24)
j=1

It is convenient to pair the Majorana modes to define the

ermionic eigenmodes i U_Vfwj as
f g {1/’1 }j,1
1 .
;= §W (vaj—1 + iy2;) W, (25)

for j € {1,...,||Vil/2]}. These operators satisfy the
canonical anticommutation relations for fermionic ladder
operators

{0k} =0, (b, ¢f} =Gl (26)
and are defined such that
LIVel/2]
He= Y el )] (27)
j=1

The linear map ady, satisfies the conventional eigenvector
relation with respect to the eigenmodes

[Hr, ;] = 2e59;. (28)

From Eq. (24), we see that the free-fermion Hamiltonian
H¢ has spectrum given by

[1Vil/2)
Y. (=1)%ey, (29)

j=1

Ex =

for x € {0,1}*UVil/2] The real quantities {sj}jU:V{l/QJ,
called the single-particle energies, are defined to satisfy
g; > 0 for all . We can generate eigenstates of Hy by

applying W to the mutual eigenstates of the operators

{_i’Yijl'YQj}JU:V{‘/ZJ'

From the block-diagonal form of h in Eq. (23), we have
that the single-particle energies are the reciprocals of the
non-negative roots of the characteristic polynomial

gn(u) = det(I — iuh) (30)
= Z (7iu)|U‘ det (hyy) . (31)
UCVe

Here, hyy denotes the principal submatrix of h with rows
and columns indexed by the elements of U C V;. We shall
express this polynomial in terms of the graph structures
of R. Since hyy is antisymmetric, its determinant is the
square of the Pfaffian, i.e.,

det (hyy) = Pf(hpy)®. (32)
The Pfaffian is defined to be

Pf(hyp)= > (=) T hu  (33)

Ul/2) i k)eM
MeMG, (]’jli

if |U]| is even, and zero if |U| is odd. The sign fac-
tor (—1)™M) is defined implicitly as the factor incurred
upon sorting the individual Majorana-mode factors in
IT¢(j.k)enrtj<iy Y57k such that indices are ascending from
left to right. This gives

gn(w) =

(7u2)|M| (71)TF(M)+7T(AII)

M,M'EMR
|M|=[ |
(34)
X H hjk H hjk
(d:;k)eM (j.k)eM’
i<k <k

We return to this explicit expression in the following
sections.

Let us now consider nesting commutators by repeated
application of Eq. (21),

adly, v; = 280" - v);. (35)

Note that we now include a factor of ¢ with the Hamil-
tonian to ensure that the resulting linear map preserves
Hermiticity as in Theorem 3. We see that ad;n, as a



linear map satisfies the same characteristic polynomial as
2h, as we expect from Eq. (28). Furthermore, we have

{adfy, 75, adi, v} = 2(=1)F2X (05 1 (36)

This relation is symmetric in k and ¢, as we expect, since
the diagonal element of h**¢ vanishes if k and ¢ have
opposite parity due to the antisymmetry of h. Thus,
(—1)F = (—1)* if the expression does not vanish. Analogs
to these relations are indicative of the existence of a
free-fermion solution, as we shall see in Section VII.

B. Generalized Jordan-Wigner Solutions

Remarkably, the exact solvability of free-fermion mod-
els can be leveraged to find exact solutions to spin models,
which are not explicitly given in terms of free fermions. If
one can find the proper identification of spin and fermionic
degrees of freedom, one can treat the spin model as an
effective free-fermion model and apply the exact solution
method. One way to do this is to identify each term in a
given spin model H with a corresponding term in H¢ such
that commutation relations between terms are preserved.
Such a solution is called a generator-to-generator map-
ping. This family of solutions includes the Jordan-Wigner
transformation as well as the exact solution to the Kitaev
honeycomb model. For this reason, it is also called a
generalized Jordan-Wigner solution.

The Jordan-Wigner transformation of a 1D spin system
on n qubits defines 2n effective Majorana modes via

Y25—1 :Uf®-~-®0';71 ®U?, (37)
Voj =01 ® @054 @07, (38)
for j € {1,...,n}. It is well-known for its application to
the 1D XY model [2],
n—1
Hxy =Y [(1=8)oYe? + (1 +8)0fo?,] (39)
j=1
n—1
i > (1= 0)v2j- 172542 — (14 6)72572j11] - (40)
j=1

This defines an effective single-particle matrix for Hxy
and allows us to solve the model in the fermionic picture
according to the procedure of the Section IITA.

Graph theory allows us to make this procedure sys-
tematic using the frustration graph of H. For a given
free-fermion Hamiltonian Hy, the frustration graph has a
particular structure due to the canonical anticommuta-
tion relations. It is the graph whose vertices are the edges
of the fermion hopping graph R with vertices adjacent
in the frustration graph if and only if the corresponding
edges of R are incident. That is, the frustration graph of
Hs is the line graph of R.

Definition 3 (Line graph). Given a graph R = (V, E),
the line graph L(R) = (E,F) of R is the graph whose
vertices correspond to the edges of R and

F={{e f}|e,feE, l[enf]=1} (41)
R is called the root graph of L(R).

Not every graph can be realized as the line graph of an-
other graph. In particular, note that a line graph is always
claw-free, as three edges cannot all be incident to a fourth
edge without at least two of those edges being incident
to each other. In fact, line graphs are characterized by a
complete set of nine forbidden subgraphs which includes
the claw [42]. Using the notation of Def. 3, a vertex j in
R is mapped to the clique K; = {{j, k}}rer(;) in L(R)
under the line graph mapping. Since every edge has two
vertices, it is an equivalent characterization of line graphs
that the edges of a line graph L(R) can be partitioned
into cliques such that every vertex in L(R) is a member
of at most two cliques [43]. Furthermore, every such
clique K; in L(R) is simplicial since I'p(ry\k,le] = Kk
for e = {j,k} € E. Thus, line graphs are simplicial and
claw-free. A path of £+ 1 vertices in R is mapped to an
induced path of length ¢ in L(R), and a cycle of £ vertices
in R is mapped to a hole of length ¢ in L(R). Finally, a
matching of size k£ in R is mapped to an independent set
of order k in L(R).

In Ref. [37], it was shown that an injective generator-to-
generator mapping from H to a free-fermion Hamiltonian
Hy exists if and only if its frustration graph is a line graph.
This allows us to associate each vertex j € V of the
frustration graph G with an edge ¢(3) = {¢1(4), v2(3)}
of the fermion hopping graph R. We choose an ordering
on the vertices V4, and our convention on ¢ is such that
©1(7) < p2(7). We then define a free-fermion solution to
H via this mapping as

hj = 10V, (5) Ve (5) (42)

for all j € V. Here, b; € R is an as yet unspecified cou-
pling strength for the effective free-fermion Hamiltonian.
Since the coupling strengths {b;};cy can be varied with-
out changing the commutation relations between terms,
we cannot determine them from frustration graph alone.
Instead, the values of these coefficients are determined by
constraints on products of the spin Hamiltonian terms.
The constraint that h? = b?] guarantees that we must

have Ej = +b; for all j € V. This gives

hi = i(=1) 7D [0 170, () Vou (5) (43)

for all j € V and where 7 : V — {0,1}. We fix this
remaining sign freedom with the constraints given by
restricting H to a mutual eigenspace of its commuting
cycle symmetries.

Let Cr = {ji}'Z € V; be a cycle in R, and denote
C = {4,}'Z} € V as the hole in G such that ¢(j,) =
{Jis Ji+1} € Eg, with index addition taken modulo ¢. (We



take set equality in this assumption on (), so we do
not assume anything about the vertex ordering of j; and
Jit1 here.) We have

=1[ = (44)

-1

H ’Yh%zﬂ
i=0 jeCt

Thus, we have that the corresponding cycle symmetry he
commutes with every term in H by the requirement that
the generator-to-generator mapping preserve commuta-
tion relations. Furthermore, cycle symmetry operators h¢o
and hc: mutually commute for distinct holes C,C" C V
because they themselves are products of terms from H.
While h¢ is not proportional to the identity in general,
h% is. Under the free-fermion solution, hc maps to

H (Z( 1)7[b; Yeor () V(G ) +i¢ H [bs]. (45)

jec jec

Thus, choosing a sign assignment 7 is equivalent to fixing
a mutual set of symmetry eigenvalues, and we have a
unique free-fermion solution for every such restriction. It
is explained in Ref. [37] that this choice of 7 naturally
corresponds to an orientation on R, and it was shown
that there exists an orientation satisfying every set of
independent cycle-symmetry eigenvalues. Beyond this
choice, there is no additional freedom in the free-fermion
mapping.

Finally, it may be the case that there are additional
states in the free-fermion model that do not correspond
to physical states for the spin model, and we must restrict
to a subspace of the free-fermion model to recover the
spin-model solution. These additional states correspond
to a fixed eigenspace of the parity operator

H Vi» (46)

JEVE

P — ;3IVil(vil=1)

which is always a symmetry of Hy. When |V is even,
this operator can be constructed from terms in Hf using
edges from a structure called a T-join of R. A perfect
matching is a special case of a T-join, and a graph with
even order has a T-join even if it does not have a perfect
matching. However, the corresponding product of terms
from H may give the identity (up to cycle symmetries),
so we must only consider a fixed-parity restriction of Ht
as a solution to the spin model in this case.

Unlike the conventional Jordan-Wigner transform of
Eq. (38), the generalized Jordan-Wigner solutions given
by Eq. (43) treat Majorana quadratics as fundamental,
without explicitly defining the individual Majorana modes.
We can in fact recover Eq. (38) by considering the line-
graph mapping on the 1D XY model in Eq. (40). First,
note that the frustration graph of Hxy consists of two
disconnected path components corresponding to the col-
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Hy = (1-9) +(14+6) > o505,
j=1
|25

y Ly
J) g 05,0541
J=1

We shall only recover the Jordan-Wigner transformation
for Hy as Hy can be handled similarly. Let P be the path
component of G corresponding to the terms in Hy. The
operator o} oy corresponds to an endpoint of P, so it is a
simplicial clique in P. We thus introduce the simplicial
mode y = 03" = o7 (defined formally in Section ITTIC as
Eq. 8), which gives that P U {j*} is again a path compo-
nent of G*. Label vertices in PU{j"} (and corresponding
terms in H;) according to their distance from j, = j* as
in Eq. (15) with £ = n — 1. Using the fact that P U {5"}
is a line graph, we apply the generalized Jordan-Wigner
solution as

2] 1‘723

Il
-

— .
w\:

(1+9) Zagj,lagj +(1

Z"}/()’}/l ]43 = 0,
b;:hjk = iV2k—172k+2 k>0, odd, (47)
—ivakY2k+1 k>0, even,

where we take bj = 1. Since there are no holes in G*,
we are free to choose any sign configuration 7 for the
free-fermion terms, so we choose this and the Majorana-
mode labeling to be consistent with the Jordan-Wigner
transformation. We then take

(i) mod (ALY, _obs, )~ ha,

_ of®---®o; @0, k>0, odd, (48)
oi Q- ®of®op,, k>0, even,
j k>0, odd

N %7072(16-&-1) >0, 0 ) (49)
0Y2(k+1)—1 K >0, even.

We have chosen phases to be consistent with the Jordan-
Wigner transformation such that the resulting operators
are Hermitian, and we have canceled interior Majorana
factors under the free-fermion mapping. Finally, we note
that the operators {iyovyx} also satisfy the canonical anti-
commutation relations

{iv07j, 1v0 vk} = 2011, (50)

so we are free to ignore the factor of iy in our definition of
the Majorana modes. This factor does not appear in any
quadratic products hp,hp, from which we can generate
all products of Hamiltonian terms in H;. We can similarly
recover the remaining definitions for the Majorana modes
from Hs.

From this example, we see that the Jordan-Wigner
transform can be defined operationally in terms of the
specific model under consideration. Moreover, we can
interpret individual fermion modes as being localized at



the endpoints of path operators in the frustration graph.
When holes are present in GG, the interiors of these paths
are defined up to symmetries of the model. An analogous
structure holds in the general case.

C. Disguised Free-Fermion Modes

When G is not a line graph, there is no direct mapping
from terms in H to terms in any free-fermion Hamiltonian
Hy of the form in Eq. (18). However, it may still be
possible to find a free-fermion solution to H. The essential
idea is to treat independent sets, cliques, induced paths,
and holes algebraically as though they result from a line
graph mapping, even though there is no associated root
graph. Our foray into this problem is the machinery of
transfer matrices. We define the following set of operators,
related to independent sets of the frustration graph G.

Definition 4 (Independent set charges). The indepen-

dent set charges {Q(’C }a(G are defined as the sum over
independent sets of order k in G by

W= 3" hs (51)

sest)

Note that Q(O =1 and Q(Gl) =

It was shown in Ref. [39] that the independent set
charges commute with each other when G is claw-free.
Since Qg)
as well.

The independent set charges satisfy a recursion relation
due to the fact that no independent set can have more
than one vertex in a clique of G. For a given clique K C V|

= H, the independent set charges are conserved

we partition terms in ng) according to independent sets
with no vertices in K and those with exactly one vertex
in K. This gives
(k) _ (k)
G

(k—1)
Qo + D hiQavry)- (52)
JjeK

We next define the transfer operator.

Definition 5 (Transfer operator [38]). Let H be a Hamil-
tonian with frustration graph G. The transfer operator
T (u) is defined as the generating function of the inde-
pendent set charges

Te(u) = Z (—

SeSa
a(G)

=Y (~w*Ql, (54)
k=0

where u € R is the spectral parameter.

w)¥hg (53)

The transfer operator can be viewed as the operator-
valued analogue for the independence polynomial of a
graph.
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Definition 6 (Weighted independence polynomial).

Ia(x) =Y 2SI ] (55)

SeSa JEeSs

Both the transfer operator and the independence poly-
nomial satisfy similar recursion relations to Eq. (52), i.e.,

Ta(u) =Tovk (u) —u Y hiTevrg (w),  (56)
JjeK

Ig(z) = Ig\k (v +be Ly (). (57)
jeK

A special case of these recursion relations is that for which
K consists of a single vertex.

The transfer operator bears an interesting relation to
the characteristic polynomial for the free-fermion model.

Definition 7 (Generalized characteristic polynomial).
Let H be an SCF Hamiltonian with frustration graph G.
The generalized characteristic polynomial Zg(—u?) of G
is defined as

ZG(fuz) = TG(U)Tg(fu). (58)

Strictly speaking, Zg(—u?) is an operator-valued poly-
nomial, but reduces to an ordinary polynomial when
restricted to a symmetric subspace as we explain. In
Appendix E, we show that when G is claw-free, we have

S,5'€Sq
S®S'=0x
Xe%((;ven)

= ()
S,8'eSa
S®S'=0X
Xe%éeven)

Zg(—UQ) = UQ)‘SlhshSl (59)

I1 %

jesns’

I re- (60)

Cex

The reason for calling Zg(—u?) the generalized character-
istic polynomial becomes clear when we consider the case
where G is a line graph L(R). Suppose this is the case.
Since the {hc} cloven) are symmetries of the Hamilto-

nian, we can restrict to a mutual eigenspace of these
symmetries through the orientation 7 of R implicit in the
choice of sign configuration for h. Denote the restriction
of Zg(—u?) to this subspace by

Zar(—u?) = Zg(—uHIL,, (61)

where II; is the projector onto the subspace. Furthermore,

denote M € M%SD as the matching of R corresponding
to the independent set S in L(R) and, similarly, denote

"e M%SD as the matching corresponding to S’. Under



the free-fermion solution, the operator hghg maps to

1T Ghisvie) 1T Ghisviw)
(G,k)eM (G,k)eM’
i<k i i<k (62)
_ (_1)7r(1\/[)+7r(]\/1') H hjk H hjk ’
(G.k)eM (4,k)eM’
i<k i<k

since every Majorana mode is either included zero times
or twice in this product by the constraint on S®JS’.
The phase factor is calculated by sorting the Majorana
modes in each matching individually, giving a factor of
(—=1)"M)+7(M") " Squaring the sorted operator gives a fac-
tor of ¢21MI(—1)2@MDEIMI-1) — 1 Comparing Eq. (59)
and Eq. (62) to Eq. (34) gives

Z1(r),r (—u?) = gn(w). (63)

In the case where G is a general SCF graph, Eq. (59)
and Eq. (60) still hold, but the ho are not generally
symmetries of the Hamiltonian. To recover a set of cycle-
like symmetries, we sum the ho over subsets, denoted
(Co), of even holes with the same neighborhood, and the
solution follows analogously. We denote these generalized
cycle symmetries as Jéc(’), and we formally define them
in Section IV. We label the mutual eigenspace of these
symmetries by J.

To finally give the full solution, we describe the
fermionic eigenmodes. For each mutual eigenspace J
of the generalized cycle symmetries we have a separate
set of fermionic eigenmodes given in terms of the transfer
operator and a simplicial mode.

Definition 8 (Simplicial mode). Let H be an SCF Hamil-
tonian with frustration graph G. A simplicial mode
with respect to a simplicial clique K is a Pauli oper-
ator x = o7 such that j* is not in V, and x satisfies

(3%, k) = drek., - (64)

That is, x only anticommutes with terms in H whose
vertices in G are in the simplicial clique Kj.

The eigenmodes are then given by the incognito modes.
Definition 9 (Incognito modes). With the preceding def-

initions, define the incognito modes on the [J-eigenspace
by

Y= N7 T (—ug ;)XT(ug ;) (65)
where u ; satisfies ZG’\y(—u%’j) =0.

We prove that the incognito modes are the fermionic
eigenmodes as Theorem 2. In Ref. [39], the corresponding
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result is proven in the special case that G is even-hole-
free and claw-free. It was shown in Ref. [44] that these
graphs are always simplicial. In this case, there is only one
symmetry sector J, for which I = I, so the mapping to
the free-fermion model is direct in this sense. Additionally,
considering Eq. (60) when there are no even holes in G,
we see that the only non-vanishing terms in Eq. (59) are
those for which S = 5’, and the generalized characteristic
polynomial coincides with the weighted independence
polynomial

Z(—u?) = Ig(~u?). (66)

It is a well-known result that the independence polynomial
of a claw-free graph has real negative roots [45], and the
generalization to the vertex-weighted case can be seen
from Ref. [46].

Before turning to the proofs of our main results, we re-
view some technical properties of claw-free graphs that are
important for our purposes and formalize our definitions.

IV. CLAW-FREE GRAPHS

Claw-free graphs generalize line graphs in a natural way,
and they have a rich characterization [47]. In this section
we describe some structural relations that claw-free graphs
satisfy. We also describe some more technical properties
satisfied by claw-free graphs containing a simplicial clique.

A. Neighboring Relations

The following is a well-known fact about claw-free
graphs, which we set apart by stating as a lemma and
briefly prove for completeness.

Lemma 1. Let S and S’ be independent sets in a claw-free
graph G. The graph G[S®S’'] induced by the symmetric
difference of S and S’ is a bipartite graph of mazimum
degree at most two.

Proof. Clearly G[S®S’] is bipartite with coloring classes
S\S" and S’\ S, which are both independent sets by defi-
nition. If any vertex j € S@&S’ has degree greater than
two in G[S@S’], then j, together with any three of its
neighbors in G[S®5’], induce a claw in G. |

Lemma 1 implies that G[S®5’] is a union of disjoint
isolated vertices, induced paths, and even holes (odd holes
are not bipartite).

Induced paths and even holes are triangle-free, i.e., they
do not contain a clique of three vertices (we define a hole
to have length greater than three). As we might expect,
the tension between this triangle-free constraint and the
claw-free constraint on the entire graph tightly restricts
the neighboring relations between these structures and
other vertices in the graph.
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Commuting Anticommuting
" OJ v r/ij\f\
L
-0—0—0—0—0- O 0000
(a.iii) O
Hole Path Hole Path

(a.iv) @ (a.v) A (b.ii)

(b.iii)

—oom

(b.iv)

TABLE II: Possible neighboring relations between a hole or induced path L and a vertex j not in L in a claw-free
graph. (a) The Hamiltonian term hj; commutes with hz, only if j has even-many neighbors in L, and j has at most
four neighbors in L in this case. If j has two neighbors in L, they must be (a.ii) neighboring, or (a.v) the endpoints of
an induced path of at least one edge. If j has four neighbors in L, they may induce (a.iii) two disjoint edges, a path of
length three, or (a.iv) a hole of length four in L. (b) The Hamiltonian term h; anticommutes with hz, only if j has at
most five neighbors in L. If j has three neighbors in L, they must (b.i) induce a path of length two in L, unless (b.iv)
L is an induced path, in which case j can neighbor an endpoint and any pair of neighboring vertices in L. (b.iii) The
only possibility for j to have one neighbor in L is if L is an induced path, and j is neighboring its endpoint. (b.ii) The
only possibility for j to have five neighbors in L is if L is a hole of length five. In case (b.i), we can define a unique
additional hole or induced path by the single-vertex deformation (L\{k})U {j}.

Lemma 2. Let L be an induced path or hole in a claw-
free graph G and let j be a vertex not in L, then all
possible neighboring relations between 3 and L are given
in Table I1I.

Rather than list the cases here, we give their definitions
in Table II. These cases are not necessarily mutually
exclusive. For example, cases (a.ii) and (a.iv) coincide for
L an induced path of length one.

Proof. Any induced subgraph of L must either be bipartite
(an even hole, or a disjoint union of induced paths) or
an odd hole. Since any bipartite graph of at least five
vertices or odd hole of more than five vertices contains
an independent set of at least three vertices, 7 cannot
have five or more neighbors in L unless L is a hole of five

vertices. This gives case (b.ii). Clearly, there are no claws
in G[{j}UL]if j has no neighbors in L, so this gives case
(a.i). We consider each additional case according to the
number of neighbors to 7 in L.

Suppose j has exactly one neighbor k € L. If k has
two neighbors u,v € L, then {k,j,u,v} induces a claw
in G. Thus, the only possibility is for k to have exactly
one neighbor in L. This gives case (b.iii), where L is an
induced path, and k is an endpoint of L.

More generally, if k € L is a neighbor to j not in L,
and k has two neighbors w,v € L, then at least one of u
and v must be a neighbor to 5 as well. If 5 has exactly
two neighbors, I';,(5) = {ko, k1} C L, this gives case (a.ii)
when at least one of kg and k; has two neighbors in L.



If both of kg and k; have exactly one neighbor in L, this
gives case (a.v).

If j has exactly three neighbors I';,(§) = {ko, k1, k2} C
L, then at least two of these vertices must be neighboring
in L. This gives case (b.i) when all of kg, k1, and ko have
two neighbors in L. If at least one of kg, k1, or ko has
one neighbor in L, then we have case (b.iv).

If 5 has four neighbors I'y,(3) = {ko, k1, ke, k3} C L,
then we have case (a.iv) if L is a hole of length four. In
general, any subset of three vertices in L has an indepen-
dent set of at least two vertices, since L does not contain
triangles. Thus, I';,(7) cannot contain an isolated vertex.
Assuming I'7,(j) not to be a hole, there is a pair of ver-
tices in 'z, (j) with only one neighbor in ' (7). Without
loss of generality, suppose these vertices are {ko, k3}. If
these vertices are neighboring, then k; and ks must be
neighboring, so as not to be isolated. This gives case
(a.iii). If kg and k3 have the same unique neighbor, say
k1, then ko must also neighbor k; since it again cannot
be isolated in I'z,(7), and we have assumed kg and k3 each
only have one neighbor in I';,(j). However, this gives that
k1 has degree three in L (and accordingly {k1, ko, k2, k3 }
induces a claw in G), so we have that ko and ks have
distinct unique neighbors in 'y, (§) if they are not neigh-
boring. Suppose k; is the unique neighbor to kg, and ko
is the unique neighbor to k3. This again gives case (a.ii),
completing the proof. |

Lemma 2 will be important in the forthcoming proofs
as it allows us to infer neighboring relations based on
partial information. We state this explicitly as two useful
corollaries.

Corollary 1. If j is a neighbor to k in an even hole C,
then 3 is also neighboring to a neighbor of k in C.

Corollary 2. Let j be such that ko-k1-ke CT (). If 5
has an additional neighbor w € L, then uw must neighbor
at least one of ko or ko.

We make the distinction between the case where h;
commutes with h7 and the case where h; anticommutes
with hz in Table II, as the latter is especially important
from a physical perspective. Interestingly, there is only
one possibility for h; to anticommute with hc when C'is
an even hole, which is (b.i) in Table II. When this case
holds, and L is either an induced path or even hole, there
is a unique additional induced path or even hole defined
as a rerouting of L through j.

Definition 10 (Single-vertex deformation). Let L be a
hole or an induced path, and let 5 be a vertex not in
L with neighborhood T'1,(j) = u-k-v as in case (b.i) of
Table II. The single-vertex deformation L' of L by j is
defined by

L' = (L\{k}) U {5}. (67)

The vertex k is called the clone to 3 in L, and we denote
this relationship by 7 <, k.
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Note that single-vertex deformations are reversible, i.e.,
if 3 <p k, then k <y 3. There is a kind of generalization
of a deformation that we need for our proof of Result 2.

Definition 11 (Bubble wand, handle, hoop). Suppose
J neighbors a path P as in case (b.iv) with T'p(j) =
{Ji-Jdiy1,3¢} for i < £ —2, as labeled in Eq. (15). We
define the bubble wand graph to be B = P U {j} and
define the handle of the wand as the path P, = {j,}}_,.
with the hoop defined as the hole C' = B\P;.

Note that, if we were to allow i = ¢ — 2, then we
would have j <p j;,,. However, we need to formally
distinguish between these cases in our proof. We return
to this structure in Section VII.

Returning to the topic, we collect all of the holes or
induced paths related by sequences of single-vertex defor-
mations into sets called deformation closures.

Definition 12 (Deformation closure). Let Ly be a hole
or an induced path. The deformation closure (Lg) of Lg
is the set such that Lo is in (Lg) and, for any hole or
induced path L in (Lg), every single-vertex deformation
of L is in (Ly).

Note that a given hole or induced path cannot belong
to more than one deformation closure. If L is in (Lg)
and (L{), then L and Lg are related by a deformation,
and so are L and Lj. Thus, Ly is related to L{, by the
deformation that first takes Ly to L and then from L
to L. This therefore gives (Lg) = (L{). Additionally,
all of the holes in a deformation closure have the same
length, so the deformation closures partition the holes in
the graph such that all of the holes in a given deformation
closure have a fixed length. The induced paths in a given
deformation closure have the same length and endpoints,
so their deformation closures partition them similarly.

The structures of the deformation closures can be com-
plicated, with certain single-vertex deformations either
enabled or prevented by other ones. In particular, this
happens when a given vertex t is neighboring to exactly
one of {s,a} with s <z a. In this case, we say that
t is dependent on the deformation by s <1 a. We are
interested in the instance where L is an even hole, for
which we have the following lemma.

Lemma 3. Let C be an even hole with |C| = 2k and
vertex labeling as defined in Eq. (16). If s <¢ ap and a
vertex t neighbors exactly one element of {s,ap}, then
either

ak,l—bo—u (2)7
bk_l—ak_l—bo—u (ZZ),
Pispor® =19, 5, 0 (iii),

u-bi-a;-by (iv),

where u = s or u = ag. If k =2, then cases (ii) and (iv)
coincide.

Proof. Without loss of generality, suppose u = s, and let
C' = (C\ap) U {s} be the single-vertex deformation of



C by s. By Corollary 1, t must neighbor at least one
vertex in I'ev (8) = {bo, b1}. Once again without loss of
generality, suppose t neighbors bg. Again by Corollary 1, ¢
must neighbor at least one vertex in I'c(bg) = {ar—1,a0},
so it must neighbor ag_;. This gives case (i). If ¢ has an
additional neighbor in C’, then by Corollary 2, it must
be either by_1 or by. If k = 2, then by_; = by, cases (ii)
and (iv) coincide, and this gives that case. If k¥ > 2, then
t cannot neighbor by, as {b1,t,ag,a1} induces a claw,
and t cannot have any additional neighbors in C” in this
case. Thus, ¢ must neighbor b;_1, and this gives case
(ii). A similar argument applies for the case where b; is
in T¢(t) and the case where uw = ag. This completes the
proof. |

We have the following useful corollaries.

Corollary 3. Ift neighbors exactly one of {s,ap} in the
setting of Lemma 3 with k > 2, it neighbors exactly one

Of {b07 bl}

Corollary 4. Ift neighbors at least one of {s,ao} and
both of {bg,b1} in the setting of Lemma 3 with k > 2, it
neighbors both of {s,ap}.

These results allow us to collect statements about indi-
vidual even holes into statements about their deformation
closures. The following lemma is a simple example.

Lemma 4. Ift is in T'[Cy] for an even hole Cy, then t
is in T[C] for any even hole C in (Cy).

Proof. Tt is sufficient to prove that ¢ is in T'[C] for a
single-vertex deformation C of Cy. Thus, let

C = (Co\{ao}) U{s}, (68)

with s <¢, @o. Suppose that t is not in I'[C], then ¢
is not in C'U Cy since C'U Cy is a subset of I'[C], and
Touc, (t) = {ao} since t is in T'[Cy]. However, this is a
contradiction to Lemma 3. Therefore, if ¢ is in T'[Cy],
then ¢ is in I'[C] for any single-vertex deformation C of
Cy. For an even hole C' € (Cp) that is not necessarily
a single-vertex deformation of Cy, applying this result
iteratively to the sequence of deformations from Cy to C'
completes the proof. |

Lemma 4 shows that T'[C] = I'[Cp] for any C' € (Cy).
Conversely, if ¢ is not in T'[Cy], then ¢ is not in I'[C] for
any C € (Cp). Recall from Section IT that two even holes
C and C” are said to be compatible if j is not in I'[C’] for
every j € I'[C]. We thus have the following corollary.

Corollary 5. If an even hole C is compatible with an
even hole Cy, then C is compatible with every even hole

C' € (Cy).

Lemma 3 allows us to consider sequences of deforma-
tions. An important case is that where we deform an even
hole C' by vertices in an independent set S = {Sj}ﬁ;é,
labeled such that each single-vertex deformation is per-
formed successively in j as shown in Fig. 3. Denote C'Y) as
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FIG. 3: The deformation along a path P when S is an
independent set, defined as the path component of
G[S®C,] with endpoint sg, where C, is the coloring
class to which the clone of sy in C' belongs. If sy is
present, then we cannot deform by s;, and we say that sg
is tethered to s;. Otherwise, the path P has odd length.

the hole following the deformation by s;, with c-h =C.
We have that s;,1 is not neighboring to s; but is neigh-
boring to its clone a; € CU~1. If we can deform CW) by
Sjt+1, then s;411 <o) aj+1 by Lemma 3.

There is a unique path associated to the sequence of
deformations shown in Fig. 3. This is the path component
P C G[S®C,] with endpoint s, where the independent
set C, is operationally defined as the coloring class of C'
to which the clone to sg belongs. (Since sg has only one
neighbor in Cy, it is the endpoint of a path component
of G[S®C,].) We call this sequential deformation by
vertices in PN S a deformation along the path P, and we
call P the deformation path. We call sg the initializing
vertex of the deformation along P (or we say sq initializes
this deformation). We can continue the deformation until
we reach a vertex sy with only three neighbors in C, as
shown in Fig. 3, and we cannot deform by s if it is present.
Letting P’ be the path component of G[S®C}| with s,
as an endpoint, we could similarly deform C' along P’
until we reach the vertex sg, so sg and sy can be uniquely
associated this way. We say that sg and s, are tethered
with respect to C. If sg is untethered with respect to C,
i.e., 8¢ is not present, then the path P has odd length
2¢ — 1, so is given by

P = So-ap-...8¢—1-Qp_1. (69)

Note that for |C| = 2k, we have ¢ < k. Otherwise, this
contradicts the requirement that P is a path. We can
operationally interpret ¢ as the number of vertex-clone
pairs in the deformation by P, and the collection of these
pairs corresponds to the unique perfect matching in P.

B. Reconfiguration Problems

Deformations for holes and induced paths are the sub-
ject of a particular reconfiguration problem for claw-free
graphs. A reconfiguration problem considers whether a
graph structure, such as an independent set or shortest
path, can be reached from another one by a sequence
of allowed moves. We consider the following important
reconfiguration move for independent sets.

Definition 13 (Token sliding [48]). Given independent
sets S and S’ in a claw-free graph G, S and S’ are related



by a token slide if there is a pair of neighboring vertices
u and v with u € S\S" and v € S"\ S such that

S = (S\u) U {v}. (70)

That is, we consider a set of tokens placed on the
independent set S and ask whether we can obtain S’ from
S by sliding a token along an edge of G. Note that if S’
is reachable from S by a token sliding move, then S is
similarly reachable from S’. We say that S <»1g S’ if S
and S are related by a sequence of token-sliding moves.

Reachability is described by the solution graph TSk (G),
whose vertices correspond to k-vertex independent sets in
G and are neighboring if they are related by a token slide.
Two k-vertex independent sets S and S’ satisfy S <>1g S’
if S and S’ are in the same connected component of
TSi(G). Let Zi be the set of connected components of
TSk (G).

We can consider a connected component of TSg(G) as
a corresponding closure of independent sets, and define
the following conserved charges of Theorem 1 as sums
over the appropriate closures.

Definition 14 (Token-sliding charges). The token-sliding
charge Q(éf ) is defined as

k,un) .
om) . > hs, (71)

Sep

where p € Ej, is a connected component of TSy (G). These
are related to the independent set charges from Def. 4 via

k, k
> Qe =Qg). (72)

HEEK

That is, the independent set charge is a sum over the
connected components of TS, (G). If k = 0, we take the
convention that there is only a single component p of

TSK(G) with Q9 = QW = 1.

Note that if G is itself not connected, then neither is
TS (G), and we have a token-sliding charge for each com-
ponent of TS;(G). However, even when G is connected,
TS (G) may not be. The case where G is an even hole
and k = a(G) is a clear example, since any token slide will
take a coloring class of G to a set which is not independent.

The ng ) can thus be thought of as a fine graining of
the independent set charges to account for the case where
G is not connected or contains a certain kind of even
hole. Ref. [48] gives necessary and sufficient conditions
for TSk(G) to be connected. In fact, it is only possible
for TSk(G) to be disconnected with G connected when
k = a(G) and when G contains an even hole. This implies
Ref. [39, Lemma 1] is already the strongest possible when
H has a connected frustration graph. However, when G
contains even holes, we may have additional token-sliding
charges.

We see that a single-vertex deformation is a special
case of a token sliding move on a coloring class of an even
hole that preserves the even hole. It is thus natural to
define a corresponding operator.
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Definition 15 (Generalized cycle symmetries). The gen-
eralized cycle symmetries are defined by

I = 3N he (73)
Ce(Co)

Single-vertex deformations and token sliding are both
special cases of reconfiguration for regular induced sub-
graphs. Specifically, single-vertex deformations of even
holes correspond to reconfigurations of connected 2-
regular induced subgraphs. Token sliding moves on inde-
pendent sets correspond to reconfigurations of O-regular
induced subgraphs (see, e.g., Ref. [49] for more details).

C. Induced Path Trees

Simplicial, claw-free graphs have a hereditary structure.
That is, G[U] is an SCF graph for all vertex subsets
U C V of an SCF graph G. For a given simplicial clique
K, in G, we define

Kj = T@\K) uig}, (74)

for all 3 € K. By the definition of a simplicial clique, K
is a clique for all j € K. Furthermore, I'(j)\ K is itself
a simplicial clique in G\ K [45].

With this in mind, the induced path tree is defined as
follows.

Definition 16 (Induced path tree with respect to j [46]).
For j € V, the induced path tree Y ;(G), of G with respect
to j is defined recursively. If G is a tree, then Y;(G) =
G, and we say that j is the root of T;(G). Otherwise,
we consider the forest of disjoint trees Ty ((G\I'[5]) U
{k}) with root k for each k € T'(j). We then define
T;(G) by appending a root vertex corresponding to j and
connecting it to the roots of each of these trees.

As in Ref. [46], we also define an induced path tree
with respect to a clique K.

Definition 17 (Induced path tree with respect to K [46]).
Let K be a clique. The induced path tree Tg(G) of G
with respect to K is defined as follows. Let G* be the
graph formed by attaching a new vertex j* to G with
the property that (j*,k) € E(G*) for all k € K. Then
Tr(G) =T;-(G*).

Each vertex in Tk (G) can be labeled by the induced
path in G given by the sequence of subtree roots in the
path from that vertex to j7*. Note that G* from Def. 17
is also simplicial, claw-free when K = K, is a simplicial
clique. Clearly G* is simplicial since 7* is a simplicial ver-
tex. Suppose that G* contains a claw, then that claw must
contain j* since G is claw-free. However, I'(§%) = K,
so there must be some vertex k in I'(5*) that neighbors
an independent set of order at least three. Suppose that
this is the case, then the set I'[k]\I'[j*] must contain a
pair of non-neighboring vertices, but this contradicts our



(a)
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FIG. 4: The induced path tree: (a) a simplicial, claw-free graph with an even hole; (b) an induced-path tree from a
simplicial vertex attached to the simplicial clique K5 = {a, e} in the graph; (c) the hopping graph of a walk induced
by the nested commutators of y with the Hamiltonian H for which the graph is the frustration graph.

assumption that K is simplicial. Therefore, we have that
G* is a simplicial, claw-free graph as well. In particular,
we shall use the fact that all of the neighboring relations
in Table II hold for induced paths containing 7 as an
endpoint in G*.

Fig. 4a shows a small example of a simplicial, claw-free
graph. We have identified the simplicial clique Ky =
{a, e} and constructed the induced path tree Tg_ (G) in
Fig. 4b. From this, we construct the directed hopping
graph Ax_(G), shown in Fig. 4c¢, and defined as follows.

Definition 18 (Directed hopping graph). The graph
Ak (G), is related to the graph Tx_(G) by replacing each
edge in Tk _(G) with a pair of directed arcs and adding a
set of arcs corresponding to even holes in G. Specifically,
there is such an arc from P to P’ in Ak, (G) if there is
a vertex k not in P such that P U {k} is a bubble wand
(see Def. 11) with P’ the handle, and the hoop is an even
hole.

We shall always consider these graphs with respect to
a fixed simplicial clique of G, so we drop the explicit K,
dependence in our notation as T(G*) = Tk, (G*).

V. CONSERVED QUANTITIES

A crucial component to the proof of Theorem 2 is the
identification of the conserved charges via their graphical
structures. In this section we prove the following theorem.

Theorem 1 (Conserved Charges). Let H be an Hamil-
tonian with claw-free frustration graph G. The operators

{QE" Yoy and {JE" Y ey satisfy

[QE™, Qe =0, (i)

C s, ..
(756 QL) = o, (ii)
EARN SR (iii)

In particular, these operators are conserved charges of the
Hamiltonian.

Theorem 1 alone gives further evidence for the idea
proposed in Ref. [39] that Hamiltonians with claw-free
frustration graphs are integrable, despite possibly not
having free-fermion solutions. Our proof strategy is to
expand each operator as a sum in the commutator. For
each non-vanishing contribution to the sum, we shall show
there is a unique additional term to cancel it. This is
illustrated in our proof of Theorem 1 (i).

A. Independent Set Charges

In this section we prove Theorem 1 (i).

Proof of Theorem 1 (i). By expanding, we have

@6".Q6" = Y lhs.hs). (79)
Sep
S'ev

Using the fact that S and S’ are independent sets, we
have Ag/(j) = Agng(g) for 3 € S, and Ag (j) = 0 for
j €SnNS’. This gives

Y As(d)= > Ass(d) = B[SeS],  (76)

j€s JES\S
since S®S’ = (S\S") U (S'\S) and G[S®S'] is bipartite
with coloring classes S\S’ and S’\S. Then, by Eq. (13),
hshg = (_1)Ejes As@hghg (77)
= (~)IFEe g, (78)
Now consider a fixed term in Eq. (75) indexed by (.9, 5")

with |E[S®S’]| odd. By Lemma 1, there there is at least
one (and an odd number in general) path component



of G[S®S'] with odd length. Choose such a path P =
S4-80- . ..-8p_1-8¢—1 with {sj}] —5=SNPand {s i o=
S"N P, so that P has length 2/ — 1. Let S = S&P and

S’ = S'@®P. Note that S can be obtained from S by
successively sliding s; to s’ for j € {0,...,¢ — 1} Thus,

S s S and S is in e Slmllarly, S’ T8 S and S’
is in v. Since S®S’ = S&S5" and G[S®S’] has odd size,

there is an additional term in Eq. (75) indexed by (S, 5").
Then, we have

[hs,hs] + [hg, hg] =2 (hshs + hghg,)
= 2hg\p (hsnphsnp + hsinphsap) hsnp  (79)
=0. (80)
For a collection of such terms in Eq. (75) with fixed
symmetric difference S®S’, we fix a path component of

G[S®S’] by which corresponding terms are paired. These
terms cancel pairwise, completing the proof. |

B. Generalized Cycle Symmetries and Independent
Set Charges

We now prove Theorem 1 (ii).

Proof of Theorem 1 (ii). By expanding, we have

> [hoshs). (81)

Ce(Co)
Sen

IE.Qe™) =

Assume he and hg anticommute. There is at least one
(and an odd number in general) vertex sg in S such that
hs, and hc anticommute, as shown in Section IV A, each
such vertex initializes a deformation path, but may be
tethered. If every such initializing vertex is tethered,
then they can be uniquely paired, which contradicts the
assumption that hg and he anticommute. Thus, there
is at least one untethered path P = sg-ag-...-Sp_1-ay_1
with 80 <c ao. This is shown in Fig. 3. Let C = C’EBli’
and S = S®&P. We have shown in Section IV A that C
is in (Cy), and it follows from the proof of Theorem 1 (i)
that S is in L

We have that hp anticommutes with both hg and h¢,
since only hg, anticommutes with hc and only A and
hg anticommute. Thus,

[hg hal = [hs, hellhs, hpllhe, hellhp, P (82)
1, (83)

ap—1

by Eq. (14) and the assumption that hs and he anticom-
mute. Then, we have
[he, hs] + [hg, hgl = 2 (hahs + hghs)
= 2ho\p (hcnphsnp + hsnphenp) hs\p  (84)
=0, (85)
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where the last line follows since SN P and C'N P are the
coloring classes of a path of odd length. For a collection of
terms in Eq. (81) related by a fixed set of untethered paths,
we fix a path by which corresponding terms are paired.
These terms cancel pairwise, completing the proof. W

C. Generalized Cycle Symmetries

Finally, we prove Theorem 1 (iii). By expanding, we
have

I I8 =3 [hesher). (86)
Ce(Co)
C'€(Cy)

Fix a pair C' and C’ such that h¢c and her anticommute.
We label the vertices according to Eq. (16) as

C= bo—ao-bl-al ..
C/ = do—Co—d1—01 ..

.=by_1-aj_1-bg, (87)
~‘dk’—1‘ck/—1‘d0- (88)

Then C = C,UC} and C’ = CLUCY;, where C, = {a]-}?;é
and Cp = {b; ?;& are the coloring classes of C, and
Cl={cj };;’:—01 and C); = {d; }ff/:_ol are the coloring classes
of C'. We shall identify a term corresponding to a pair
of even holes C' and C’ whose contribution cancels the
(C,C") term in Eq. (86). We achieve this by deforming
C to C by a sequence of vertices in C’ such that there
exists a corresponding reverse deformation from C’ to
C’" by vertices in C. This deformation consists of an
ordered sequence of entire deformation paths as defined in
Section IV. As this proof is considerably more complicated
than the proofs of Theorem 1 (i) and Theorem 1 (ii), we
divide it into several subsections and motivate the proof
with an illustrative example.

1. Palindromic Path Example

We now motive our proof with an example. We label
C and C’ such that ¢y <¢ ag and ¢y is the untethered
initializing vertex of a deformation path P in G[C,®C],
_c(])_a

P =cp-ap-... e Voag,_. (89)

Since he and her anticommute, at least one such vertex
¢ is guaranteed to exist. We note two subtleties here.
First, while we are guaranteed that

FC(CU)) = aj—l'bj'aj_bj+17 (90)

for j > 0, if £ > 1, we cannot assume that c¢/) = c; for
j > 0 (we take ¢ = ¢y). That is, we do not assume
that c\9) and c¢U*Y) share a neighbor in C, for any j €
{0,...,¢ —2}. The second subtlety is that, while ¢ is
not in C for all j € {0,...,¢—1}, a; may be in CNC" for
some j € {0,...,¢£—2}. ay—; cannot be in C’, since then



ay—1 would have two neighbors in C, which contradicts
the assumption that ay_1 is the endpoint of P.

Up to this point, our description has been com-
pletely general. We now restrict to the special case
in which a; neighbors both neighbors to ¢\%) in ¢, for
all j €{0,...,£—1}. In this case, a;_; <c» ¢~V by
Lemma 2 and the assumption that ¢~ is the only
neighbor to ay—; in C.. By considering Fig. 3, we see
that P is a deformation path for C’ as well, since we have
assumed a; has four neighbors in C’ for all j < ¢ — 1.
Indeed, these two subtleties do not apply in this case. We
label the vertices such that ¢() = c; with

FC/(aj) = dj—Cj-dj+1—Cj+1, (91)
for j < ¢ —1, and
FC/ (ag_l) = dg_l-Cg_l-dg. (92)

We have that a; is not in C’ for all j € {0,...,£—1}. We
refer to such a path as palindromic. Let C = C®&P € (Co)
and C' = C'@P € (C}). Further, let C, = C,®P and
C! = C!®P. We have

[hc, her ] [h hC’] = Q(hchcf + hx hC’)
= 2hc\p(hCmPhC/mP + hC’ﬁPhCﬁP)hC’\P (93)
—0, (94)

where we rearranged the factors h¢,, hc , her, and hc,

to the interiors of the respective products (recall our
convention that he = he, he,) and used the fact that
P is a path in G[C,®C!]. Therefore, Eq. (86) holds in
this case. The difficulty in the general case arises if there
exists a vertex w in C!; that neighbors ¢ and not a;. In
this case, multiple deformation paths will be required to
find a solution, and we generalize the parts of the proof
accordingly.

2. Definitions and Proof Structure

We now introduce some definitions concerning defor-
mations of multiple paths and outline our proof strategy.

Definition 19 (Fixed-pairing-type deformation). A

fixed-pairing-type deformation of an even hole C
by vertices in C’ is a sequence (P(T)):L:O of induced
paths of odd length in G[C U C’]. Each path P(") =
'(r) k(r) —jy) kérll is a component of G[C;CY ]
Where je {a b} and o(j) € {c,d} labels a unique colormg
. The vertices of P(")
are labeled such that jg)l is in 7 ;)\C; and k( )1 is in

Ci\Cl ;) forall s € {1,....4,} and all r € {0,...,m}.

The deformation O is (a,c) pairing if o(a ) = ¢ and
o(b) = d for all r. Similarly,
and o(b) = ¢ for all r. The pairing type of

class of C' associated to C; by

is (a, d) pairing if o(a) = d
is thus
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specified by o. We additionally describe a path component
P of G[C;®C ;)] or vertex pair {j,k} with j € C7 ;)
and k € C; as having the pairing type specified by o. We
take Pz(s) 1= (T) -k:gr_)l and let

r—1
c = Co (@ P<g>) oP") |, (95)

9=0

with C(" = C#) for all r and s. By convention, we
take C(™0) = C(=1) and C(-1) = C.

The deformation % is such that j )1 <C(rs—1) k )
for all » and s. Thus, C(™*) is in (C) and P(") and C(T 1)
satisfy the relationship shown in Fig. 3 for all » and s.

We let O = JI,{P")} denote the set of paths in 3
and we let 00 = (JI, P
involved in the deformation by

denote the set of vertices

Our motivation for this definition comes from the palin-
dromic path example. Deforming along a path P in CUC’
as shown in Fig. 3 gives that the vertices in P N C are
in a fixed coloring class of C, regardless of whether the
independent set P\C'is a subset of a coloring class of C’.
However, we require that P\C is a subset of a coloring
class of C’ to apply the deformation in reverse.

We now define several important vertex subsets relative
to a fixed-pairing-type deformation.

Definition 20. (Anticommuting and dependent subsets)

Let 8 be a fixed-pairing-type deformation of C' by vertices
in C’ with labeling as in Def. 19 and let

W ={j e C'"\C| [hj, hc] = -1}, (96)

and
U =Tor(G )\ k), (97)
forr € {0,...,m}and s € {1,...,4,}. Theset W consists

of vertices in C" whose corresponding term anticommutes

with he. The set U(®) consists of vertices in C’\{k(r)l}

dependent on the deformation by gg )1 = Grs—1) gf,, )1.

Further, let

m L
v=JJu", (98)

r=0s=1
be the union of all such dependent subsets.

Note that since h¢ and her anticommute, |W] is odd.
Additionally, note that |U("*)| is at most one by Corol-
lary 1 with the assumption that ]( Y isin O, If kgi)l is
also in C”, then the only element of U (T %) is the additional

neighbor to _7( Y in .
Wlth these deﬁmtlons we describe our proof strategy.

Let (9 denote the fixed-pairing-type deformation related
by reversing the order of the paths in 8 We



first give a sufficient condition for <(’_) to correspond to
a fixed-pairing-type deformation of C’ by vertices in C.
We similarly refer to such a deformation as palindromic.
We next give a search process to find a palindromic de-
formation. This process considers the full set of vertices
W, defined in Def. 20, as potential initializing vertices
for our desired deformation. For each such initializing
vertex j in W, we produce a unique fixed-pairing-type
deformation O;. If O is not palindromic, then it is
obstructed by another vertex j' in W. This allows us to
define a directed graph, called the obstruction graph.

Definition 21 (Obstruction graph and coloring classes).
The obstruction graph D = (W, D) is a directed graph
with vertex set W as defined in Def. 20 and with (5 — j')
in D if ' obstructs Bj. The graph D has odd order and
is bipartite with the coloring class of 7 in W given by the
pairing type of O;. The source set of D is the coloring
class with larger size, and the obstruction set is that with
smaller size.

If D is such that no 83- is palindromic for any j in W,
then we prescribe a corrective rerouting of D to D). In
this case, we consider the obstruction graph D(® defined

on a vertex subset W’ of W with each O replaced with

8 for all j € W’. We apply this procedure recursively

by updating D@ to DU+ and since the order of the
obstruction graph is strictly decreasing, this search process
is guaranteed to find a palindromic (i.e. unobstructed)
deformation.

Our final step of the proof is to show that the term
indexed by (C, C”) cancels the (C,C") term. These claims
follow from additional properties of the palindromic de-
formation @. Before we proceed with the proof, we list
several important properties of fixed-pairing-type defor-
mations.

3. Fized-Pairing-Type Deformations

A number of important properties follow from the as-
sumption that a deformation O has fixed-pairing-type.
These generally concern the intersections between path
components P of O and commutation relations between
associated operators and the Hamiltonian terms. For
the remainder of this section, we assume that 8 is a
fixed-pairing-type deformation of C by vertices in C’ with
labeling as in Def. 19. Without loss of generality, we

assume that O is (a,c) pairing.

Lemma 5. Let v be a vertex in exactly one coloring class
of Cq, Cyp, C, and %, then v is contained in at most one

path component of

Proof. Without loss of generality, assume that v is in
C\(Cp, U C"). Clearly, v is not in Pif P € O is a
component of G[Cy,®C)]. By construction, all paths P
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in O that are components of G[C,®C"] are disjoint (any
repeated paths are removed in the union defining O), so
v is contained in at most one such component P.

Thus, for v to be in multiple elements of 8 then v
is in P(T) and P(") is repeated in . Assume that this
is the case. Let g > r be the smallest index such that
P9 = PO for P9 ¢ 3. Since v is in C,\C., then v =
kff)l for some s. This gives that v is not in C"), and thus
v is not in C9~1) by our assumption that ¢ is minimal.

We then require that k = g

Jgg)l <C(g.s-1) k ) for all s by our assumption on 8

However, this contradlcts the assumption on 8 that g(g )
is in C’, since v is not in C’. Therefore, v is contained

, for some ¢ in order for

in at most one path component of O, completing the
proof. |

By construction, the coloring classes of C are disjoint
and similarly for C’. Thus, in order to apply Lemma 5,
it is sufficient to show that the vertex v is in C&C’. We
have the following corollaries.

Corollary 6. Let P(") be a path in 8 The endpoints
j((f) and ké:ll are not contained in any other path in

(r)

Proof. Without loss of generality, assume that j, ' is in

CI\C,. By constructlon j( ") has precisely one neighbor
in C,. If _70 ) has an additional neighbor v in Ca\{k: }
then v is not in C’, since it is neighboring to ]0 , but
then v is also in P("). This contradicts the assumption
that jé is an endpoint of P("). Thus, j ( ) is not in C,
since every element of C\C, has two nelghbors in Cj.

(r)

By Lemma 5, j;’ is in exactly one path component of

. A similar argument holds for k: 1, completing the
proof |

We immediately obtain the following corollary.

Corollary 7. The path components of 6 are distinct
subsets.

We can therefore relax our distinction between O an
8 in our notation. Note that path components of
may intersect, but any vertex in the intersection of such
components must be in C N C’. This gives the following
corollary.

Corollary 8. Fvery vertex v is contained in at most
two path components of If v is in P") N P for
P plo) 6 O with g and r distinct, then either v =

(T)l = k: 1 for some s and t or v = k:(r)l = j(g) for
some s and t.

Proof. Assurne that v is in P n PW n P@ for
P Pl P ¢ O with r, g, and ¢ distinct. At least two
of {P(’") P(g) , P(@} are components of either G[C,®C"]

or G[Cy®CY] by our assumption that O is (a,c) pairing.



Without loss of generality, assume that P(") and P9 are
both components of G[C,@C"]. However, then P(") and
P) are distinct by Corollary 7, and so their intersection
is empty. Therefore, every vertex v is contained in at

most two path components of O.

Now assume that v is in P(") 0 P for P(") P ¢ O
with g > r. By the previous argument, assume without
loss of generality that P(") is a component of G[C,®C"]
and P is a component of G[C,@®C")]. Since the coloring
classes of C' and C” are disjoint, then v is in either C,NCY,
or C,NC! and v is contained in exactly two coloring classes
of Cy, Cp, C., and C,. If v is in C, N CY, then v = kir_)l

for some s, since v is in C,\C’, and v = jffi)l for some

t since v is in C)\Cy. If v is in Cp, N CY, then v = jgr_)l
for some s, since v is in C/\Cy, and v = k,@l for some
t, since v is in Cy\CY. The other cases follow similarly.
This completes the proof. |

This corollary shows that a vertex can be introduced
and removed at most once in a fixed-pairing-type defor-
mation 0.

We now consider relations involving the vertex subsets
of Def. 20

Corollary 9. FEvery vertexr w in W is contained in at

most one path component of O. Further, if a vertex w is
in UTsN\P") for some r and s, then there is a mutual
neighbor v in CT=Y to u, jii)l, and kg?l The vertices
u, jﬁ?l, and v are in at most one path component of 8

Proof. Clearly, w is not in C if w is in W, so w is con-
tained in at most one path component of O by Lemma 5.
Now consider w in U\ P(") . Assume without loss of
generality that P(") is a component of G[C,®C"], then
u is in CY, since it is a neighbor in C’ to J(ST_)l in C\C,.

Thus, v is neighboring to u € C, k(r)l in Cy, and J@l

o
in C/. Therefore v is in Cy\C’, and so v is contained in at
most one path component of 3. Similarly, jff_)l is neigh-
boring to v in Cj, v in €Y, and k(f_)l in C,. Therefore
jfj)l is in C/\C, and so jgr_)l is contained in at most one
path component of 8 Finally, v is neighboring to v in
Cp, and if w is in C,, then w is in P("), which contradicts
our assumption. Therefore, u is in C,\C’, and so u is

contained in at most one path component of 8 This
completes the proof. ]

We now prove statements concerning commutation re-
lations.

Lemma 6. Let P\") be a path in 8 and let u be a vertex
n C'.
(a) If hy and hpey anticommute, then u is in U(rs)

for some s if and only if w and j(()r) are distinct and
AC(W') (u) = AC“'*U (u) + 1.
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(i) If Acn (u) = 3 with u <o) v, then v is in
C' and the pairing type of {u,v} is the same
as that of 8

(i) Ace (w) = 4 if and only if Ac(u) = 3 and
the pairing type of u <¢ v is opposite to that

of O.

(b) If hey and hpey commute and w is in U for some
s, then Aqy(u) = 4 and there is a vertex u' in
U™s) with s' < s such that hy and hpey anticom-
mute. If P is the unique component containing u’'

with the same pairing type as O, then u is in P.

u ng—)l

O
\ 9 \ 9 VU5
i) v (i) ks
(a)
()
G ksﬁl
O
‘C/?\\ Y A
\ \ 9 \9 \9 U5
Js-1
(b)

FIG. 5: An illustration of Lemma 6. (a) If h,, and hpe
anticommute, then u has either two or three neighbors
in C"=1 (the dashed edge may or may not be present).
Deforming by P(") increases Ac(u) by one. If u has
three neighbors in C"), then w =< vy with the same

pairing type as 8 In this case, we can deform by w. If
u has three neighbors in C("~Y | then u <or-1 Vi),
and in fact, u <¢ vy with the opposite pairing type to

8. (b) If hy, and hpy commute and w is in U) | then
Ac(r) (u) =4.

We prove Lemma 6 in Appendix A by enumerating all
possible neighboring relations for w under the assumptions.
An illustration of Lemma 6 is given in Fig. 5. We also
prove the following corollary in Appendix A.

Corollary 10. Let 8 and 8’ be possibly non-distinct
deformations of the same fized-pairing type. There is no
vertez w in U NUWGY such that he, anticommutes with
hpey and hpe for distinct path components P in

and P9 in O’ for some s and t.

The following corollary follows immediately from
Lemma 6 and Corollary 10.

Corollary 11. If h,, anticommutes with hpey and hpey)

for distinct path components P(") in 8 and P9 in 8’

in the setting of Corollary 10, then wu is in {j(()g),jér)}.

We proceed by applying these statements to show that
a palindromic deformation exists.



4. Solution Criterion

We now give a sufficient criterion for a fixed-pairing-
type deformation O of C by vertices in C’ to be palin-

dromic, i.e., O is a fixed-pairing-type deformation of C’
by vertices in C. This is the case if every vertex in C’
that is dependent on some single-vertex deformation in

is in €M),

Lemma 7. Let 8 be a fized-pairing-type deformation of
C by vertices in C' with labeling as in Def. 19 and let U
be a vertex subset as in Def. 20. If U is a subset of C™),

then 6 1s palindromic.

We prove Lemma 7 in Appendix B.

5.  Search Process

We now describe a search process to find a palindromic

deformation using the criterion of Lemma 7. As a
subroutine, we describe an iterative obstruction search
process, called OS, with the following signature

(B, V;,Uy) == 0S(3s, ji,, Wh). (99)

This function is used to initialize the obstruction graph

D = (W, D) and perform the rerouting step. Here, O, is
an initial fixed-pairing-type deformation, and j, is a vertex
in C' such that h;, anticommutes with hs if C; € (C) is
the even hole given by deforming C' by O, and j; <5 k
has the same pairing type as 81 We assume that W;
is a subset of W, with W as defined in Def. 20, and j,
is not in W;. The output deformation 8 + has the same
pairing type as 8i, and V¢ and Uy are sets of at most one
vertex. If V¢ is non-empty, then the only element j; of V¢

obstructs 8 7. If Uy is non-empty, then the only element
uy of Uy is a vertex in C’ required for the obstruction
graph update. Note that V¢, Uy, 82-,
be empty. The pairing types of
well defined.

We define the obstruction search process OS as follows.

8f, and W, may

i and Oy are however

Initialize the iteration variables as u; = 3; and O, = O;.
At each iteration, 8,5 is updated followed by u;. Let
P be the unique component of G[C;®CY ;)] to which
u; € C(’,(j) is a member, where o gives the pairing type of
Bi. If P N W, is non-empty, suppose that j is the vertex
in W; with the smallest distance to u; along P (we shall
show that this vertex is unique). In this case, the process
terminates with 8f = Bt, Vy={j}, and Uy = {w;}. If
P N W; is non-empty, then P is a path and we update O
by concatenating P as the last path in the deformation.
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In order to update u;, we let

r—1
Er,s = (Z Kq) + s,
g=0

denote the number of single-vertex deformations required

to reach C'("*). Additionally, we define U (T*S)(Bt) as the
set in Def. 10 corresponding to the set of paths O;. Recall

(100)

that U (T’S)(at) contains at most one element for a given r

and s. u; is updated to the only member u in U("S)(at)
with the maximum value of £, ; such that

(i) U (B)\CUOD is non-empty.
(ii) he and hpey anticommute.

If no such vertex exists, then the process terminates with
f = 0 Vi = @, and Uy = @. In this case, we
show that 8 ¢ satisfies the criterion of Lemma 7 and that
8 = 8 ¢ is palindromic.
Using this function, we initialize the obstruction graph
on the set of vertices W, by defining
—2) . .
(85,,U;) = 08(05 7,4, W\{}),  (101)
for all 7 € W. Here, 8;72) is the empty sequence and is
defined to have the same pairing type as j <¢ k. If V; is

non-empty, then the only member j' of V; obstructs O
and we include the arc (j — j') in D. By construction,
every vertex in W has at most one outgoing arc in D and
there are no self-loops. We shall show that D is a bipartite
directed graph with odd order and coloring classes given
by the pairing types.

We now specify the procedure to update D) to DU+1)
with the convention that D(~Y = D and all related ob-
jects notated similarly. In each iteration where there is
no unobstructed deformation, we update W to W0+1
by removing one vertex from the source set and one
vertex from the obstruction set of D). Thus, DY
is bipartite with odd order and whose source and ob-
struction sets are subsets of the source and obstruction

sets of D) | respectively. (8;1)7 Vj(z), UJ@) is updated to

(B4 v D Dy and DO+ s such that (5 — §)
is in DU for all 4,4 € WU+D if and only if §' obstructs

oI ans

3
In particular, suppose that there is no vertex j in W

for which g-i) is unobstructed. Thus, each vertex of

D has exactly one outgoing arc and there must be at
least one vertex j” in the obstruction set of D) with at
least two incoming arcs. We show that every vertex has
at most two incoming arcs, and so j” has exactly two
incoming arcs. Let j and j' be the vertices in the source
set whose outgoing arcs are incoming to 5", i.e., (j — 3")
and (57 — 3”) are in D). We additionally show that 5"

is the only member of exactly one of UJ@ or U;,i). Suppose



that 5" is in U;,i) and let ugl)f be the only member of UJ(.i).

Further, let W0+ = W(i)\{j/d”} and

(GG VD D) = (B, v, Uf),  (102)
for all v € WD\ {5}. We then set
(i+1) (i+1) (i+1)
— 0S(BP B Wl W5y, (103)

where || denotes the concatenation of sequences. This
completes the description of the search process.

6. Correctness of Search Process

We show that the search process returns a valid palin-
dromic deformation inductively. The base case is given
as the following lemma.

Lemma 8. The following statements hold for {83 Yiew
and D at the initialization of the search process.

(i) The deformation 87- is a possibly empty fired-
pairing-type deformation.

(ii) The obstruction graph D is bipartite with coloring
classes given by the pairing types.

(iii) The deformations {83 Yjew of a given pairing type
are pairwise disjoint as sets of induced paths.

(iv) Every vertex in the obstruction graph D has at most
two incoming arcs. If (j — 3") and (' — 3") are
in D, then 3" is the only member of exactly one of
Uj or Uj/.

We prove Lemma 8 in Appendix C. The induction is
given as the following lemma.

Lemma 9. The statements of Lemma &8 hold for
{By)}jew(ﬂ and DY for all steps i in the search process.

We prove Lemma 9 in Appendix D. This process there-

fore returns an unobstructed deformation O, since, at
each step of the search process, exactly one source vertex
and one obstruction vertex are removed. In the worst case,
the search proceeds until there are no more obstruction
vertices, in which case, the unobstructed deformation is
trivial. We complete the proof of correctness with the
following lemma.

Lemma 10. Any unobstructed deformation satisfies the
criterion of Lemma 7 and is palindromic.

Proof. If a deformation is unobstructed, then there is no
vertex u in U(*)\C™) such that h,, and hp() anticom-
mute. If there is a vertex u in U)\C™) such that h,,
and hp(- commute, then by Lemma 6, there is another
vertex v/ in U™ with s/ < s such that hys and hpr
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anticommute, and w’ and u are members of the same path

component P with the same pairing type as ©. Then u’
is not in C(T), since h, and hp) anticommute. There-
fore, u’ is not in C"~1) and ' is not in P(")| since u' is
in U and hy and hp) anticommute. Then P must

be in 8 for w’ to be in C("™). Since v’ is in at most one
such path component by Corollary 9, then P = P(9) must

be in @ with g > r for /' to be in C™). By deforming
by P, we have that w is in C9), since u and u/ are
members of the same coloring class in C’ and u is in
U3, If w is not in C™), then u is a member of an

additional path component of 8 By Corollary 9, this
path component must be P(") however, then u = kgr_)Q
and u = jgg_)l by Corollary 8. Since w is contained in

no additional path components of 8, then w is in C(™),
Therefore, there is no vertex w in U"*\C™) for any r
and s, and so U is a subset of C'™). This completes the
proof. |

7. Proof of Cancellation

We now prove Theorem 1 (iii).

Proof of Theorem 1 (iii). Let

m

ho = H hpey, (104)
r=0

where the product taken in ascending order in r and

(r) ¢ /
hpr = h(P(TmCﬂ)h(P(rmcé) Pre Ca@c/c’ (105)
hpornc,)h(poncy) P C Cr@Cy,
We have
hchor = [he, horlherhe, (106)
hchohoher = [hey heJherhbhbhe, — (107)
hghe = [he, he]ha hs, (108)

where all scale factors cancel upon conjugating by hZ =
(hzj)z. We use the fact that independent set factors such
as hc, and he, commute to multiply their corresponding
factors in hpey for each r. This is possible as ho(r is an
even hole at each step of the deformation. Note that the
first and last line are scalar commutators, so we have
[ha, hal = [he, ho] = —1. (109)
To show that the (C,C’) and (C,C") terms cancel, we
show that he is anti-hermitian. Note that the search
process is such that an odd number of vertices in the
obstruction graph are included in O, and that every such
vertex is included in at most one path from O. Further,
note that hpwy and ho-—1y anticommute by construction.



Since C"=Y = C@ @;;é PU) | then hp( has the oppo-

site commutation relation to H;;é hpu) as it does to he.
The commutation relation between hpy and h¢ is the

number of vertices from W contained in P("). Further,
each factor hp( is anti-hermitian. Thus

hh =TI rhe s (110)

r=0
= [1=Ppen-n) (111)

r=0
=[] hpe (112)

r=0

= —ho. (113)

The third line follows by commuting each factor of hp
through H;;(l) hpay, which incurs an additional factor of
—1 for every path with an even number of vertices in W.
This factor gives an overall factor of —1 for each path P(")
containing an odd number of vertices in W. Since the
total number of vertices in W contained in any path in O
is odd, there must be an odd number of paths containing
an odd number of vertices in W.
By setting hoho B?I, we have

hchor = fBizhchohohC/
= —hghe

(114)
(115)

Therefore, for every collection of terms in Eq. (86) related
by a common collection of fixed-pairing-type multiple-
path deformations, we fix a deformation to cancel terms
pairwise, completing the proof. |

VI. EXACT SOLUTIONS

With the identification of the conserved charges, we
proceed to prove the remainder of Result 1. In particu-
lar, we show that within each symmetric subspace of the
generalized-even-hole operators, a Hamiltonian with a sim-
plicial, claw-free frustration graph exhibits a free-fermion
solution.

Theorem 2 (Free-Fermion Solution). Let H be an
SCF Hamiltonian with frustration graph G. There exists a

set of mutually commuting cycle symmetries {JéC(’)}(CO)
for H, such that

H=> Y eqilbgivl ]| g,
7 \ =1

with
Y75 = N7 5T (—ug ;)XT(ug 5),

where {I17} 7 is a complete set of projectors onto the
mutual eigenspaces of {JC(;C(J)}@O), and ug ;j satisfies
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.Z.?(_'U/QJJ)HJ = 0. Furthermore, the projectors 117 sat-
isfy

M7, g ;] =0,

for all 7, J', and j. The single-particle energies in the
subspace labeled by J are given by ez ; = 1/uy ;.

The proof closely follows the analysis given in Refs. [38,
39] with slight modifications and generalizations where
necessary. We first prove the following lemma relating
the transfer operators to the generalized characteristic
polynomial of the frustration graph G.

Lemma 11. Let H be a Hamiltonian with claw-free frus-
tration graph G. The generalized characteristic polynomial
Zg(—u?) is given by

Za(—u?) = Z (—u

Xecgécvcn)

2)/0X1/291XI [, Lo (—

S

CeXx

We prove Lemma 11 in Appendix E. We also require
the following lemma.

Lemma 12. Let H be an SCF Hamiltonian with frustra-
tion graph G. Further, let Kg be a simplicial clique and
let x be a simplicial mode with respect to Ks. Then

G u 1+u Z h XTG )
JEK,
= Zg(—u?) |1 —u Z hji | x.

JEKS

We prove Lemma 12 in Appendix F. Lemma 12 im-
mediately shows that the incognito modes satisfy the
eigenmode condition for the Hamiltonian over the sub-
space specified by J.

Lemma 13. Let H be an SCF Hamiltonian with frustra-
tion graph G. The single-particle energies {7 ;}7.; and
incognito modes {7 ;}7 ; satisfy

[H, 7,44
Proof. We have

(H, Y7 1]

= +2e7,97 45

= N 5T (Fug ;) [H, X]T(+ug ;)

= 2N T (Fug ;) | D hix | T(Eug ;).

JEKS

Applying Lemma 12, together with the definition of u s ;
that 7 Zg(—u? ;) = 0 gives

[H, g 451 = £ —— Mg T(Fug s)xT(£ug ;)
U7 VT,
= +2e7,97 45
completing the proof. |



We now show that the incognito modes {¥7 +;}7,;
obey the canonical anticommutation relations.

Lemma 14. Let H be an SCF Hamiltonian with frus-
tration graph G. The incognito modes {17 +;}7 ; satisfy
the following anticommutation relations.

g4~} =07 705117

We prove Lemma 14 in Appendix G. Finally, we show
that we can write the Hamiltonian H as a free-fermion
Hamiltonian in the eigenmode basis.

Lemma 15. Let H be an SCF Hamiltonian with frustra-
tion graph G. The single-particle energies {7 ;}7.; and
incognito modes {17 ;}7.; satisfy

a(G)

H:Z Zﬁj’j[i/)mﬂﬂ/ij,—j} Iy.
7 \j=1

We prove Lemma 15 in Appendix H. Combining
Lemma 13, Lemma 14, and Lemma 15 proves Theorem 2.

VII. KRYLOV SUBSPACES

In this section, inspired by a well-known polynomial
divisibility result of Godsil [50], we connect the frustra-
tion graph formalism to the emerging body of work on
operator Krylov subspaces [51-55]. By constructing a
set of Krylov subspaces associated with path operators
in the Hamiltonian, we are able to present an alterna-
tive solution method for SCF Hamiltonians, which we
expect to provide a strategy for applying graph theory to
more general models. For our purposes, the alternative
method will also provide a better physical intuition for the
free-fermion modes in the Pauli basis where H is defined.
The technical content of the method is captured by the
following theorem.

Theorem 3 (Polynomial Divisibility). There ezists a
real matriz A with elements indexed by induced paths in
G* such that

HJ adeX = (_2l)k Z (Ang){j*},P hPa
PecP

over each mutual eigenspace of the {Jé;C°>}, where x 18 a
simplicial mode corresponding to the vertex 3% not in V,
and we define ad; i x = [iH, x]. The matriz Ag, 7 denotes
the weighted adjacency matriz of a directed bipartite graph.

A. Implications of Polynomial Divisibility

Before continuing to the proof, let us elaborate on
some implications of Theorem 3. The theorem appears
very holographic in the sense that commutation with the
Hamiltonian only changes path operators at the endpoints.
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This is entirely due to the fact that the frustration graph
is claw-free. We make this precise by showing that the
theorem implies a set of fermion modes given by repeated
commutators with the Hamiltonian.

Corollary 12. The operators generated by repeated com-
mutation with H satisfy

j k
HJ{adzH X adiH X} =2 (MG,j)jk HJ’
where the matriz Mgq, 7 is real symmetric.

Let us restrict to a particular subspace labeled by J
implicitly, allowing us to drop this label as well as the
factor of II 7 in what follows. We additionally drop the
label G unless specifying a particular induced subgraph.

Proof. Our proof is by induction on j. Note that, for all
k,

{ad?y x, adfyy X} = {x, adfy x}

_ (_\kok+l (Ak
by applying Theorem 3 to ade X together with the fact
that the only operator in the sum that does not anticom-
mute with x is itself. Thus, the corollary holds for j =0

with

Moy = (=20)" (A*) oy ey - (117)

Now assume that
{ady x, adfy x} = 2My i1, (118)
for all k, some matrix M, and all £ € {0,...,5—1}. Then

[ady; x, adly ] = [ad;pr (adly" x), adly x]
= [iH, [adly;" x, ad¥y x]] - [adlp" x, a7 x] (119)
= 2Mj 1 k42l =2 ade X adZH X

where the second line follows by the Jacobi identity and
the third line follows from applying the inductive hypoth-

esis with the identity
[A,B] ={A,B} —2BA, (120)

and canceling terms. Applying Eq. (120) again to

Eq. (119) gives

{adgH X adjy x} = —2Mj_1 g1 1.

This shows the first part of the corollary. By solving the
recursion relation for M, we have

{adgH X ade X} = 2(—i)jMO,j+kI

(121)

— (_;\itkojtk+1 Jj+k
= (TR ATTE) Gy gy 1
This gives
itk (A G4k
My, = (—2i)7+F (A7F ){j*}{j*}, (122)
so M is real symmetric. |



While we may repeatedly take commutators with H,
the fact that the set of induced paths of GG is finite implies
that there is a minimal rank r such that ad}; x is a linear

combination of the elements of {adg " X};;é. Suppose we
have

r—1
adly x = Z v adby; x.

(123)
k=0
This gives
r—1
{adgH X, adiy x} = Z Uk{adgH X5 ade X} (124)
k=0
:2(M-v)jI. (125)

Thus, it suffices to consider only the spanning set given
by the elements of {ad’, x ;;é, and we take M to be an
r X r matrix. The value of this rank is typically much
lower than the number of induced paths in G. By the
definition of M, we have

r—1
(VT .M - V) = % Z VU tr({adzH X ade X}) (126)
7,k=0
2
1 r—1 i
=7 tr Z vjad!g x , (127)
j=0

where d is the Hilbert-space dimension. Since this is the
trace of the square of a non-zero Hermitian matrix, it
is positive. Thus, M is positive definite. This allows us
to define a set of physical Majorana modes {v; };;é by
diagonalizing M as

M =U"DU, (128)

where U is an orthogonal matrix and D is a diagonal
matrix with positive elements D;; = ); along the main
diagonal. We now define

r—1
v = iU med DN 2N adly (129)
k=0
These operators are Hermitian and satisfy the canonical
anticommutation relations for fermions

{’yj,’yk} = 26jk]- (130)
As a result, they are trace-orthogonal, i.e.,
_ 1
d=" tr(yye) = 2g s w}) = 6. (131)

We can write the elements of an effective single-particle
Hamiltonian by

hjk = L tr[y; ady ()] (132)

2d
Formally, h is given by the inverse transformation relating
{v; };;é to {ad, x ;;(1) applied to the companion matrix
for ad;y on the cyclic subspace generated by Y.
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B. Matrix Elements and Pauli Realization

While the only specific property of A that we have
relied on is the fact that A is the weighted adjacency
matrix of a directed bipartite graph, it will be helpful
to propose a specific form here. In Def. 18 we defined
a directed bipartite graph, by replacing the edges of an
induced path tree with directed arcs and adding arcs
corresponding to generalized cycles. Choosing an induced
path tree with respect to a simplicial clique K (Def. 17),
we can define the elements App: for (P, P') € Ej(q) as

1 |P'[ > |P],
b3 P =P\{5},
App = J~7<co> hoop in (Co) (133)
NP,P’,(CO> P 0/
0 otherwise.

The normalization factor Np pr (¢, is chosen such that
% ZP, NE}/,(C@ = 1. Each of the non-zero cases corre-
sponds to a particular non-vanishing contribution from
an additional application of ad;y in a fixed mutual sub-
space of the generalized cycle symmetries. In the first
two cases, the induced path can transition to an adjacent
induced path in the induced path tree. In the last case,
the induced path wraps around an even hole, and this
even-hole part contributes a factor of the generalized cycle
eigenvalue in the given subspace. There is an additional
factor of two due to the fact that the path can wrap
around the hole in either direction.

To prove Theorem 3, we shall also consider a particular
Pauli representation of G*, and we shall prove particular
properties of G* using this representation. Since the result
will be a property of G* alone, it will not depend on the
representation, and we can conclude that it holds for all
representations of G*. We choose the representation to
have the property that

(1) = o a3

d
for any pair of induced paths P, P’ € Pg+. For an explicit
instance of such a representation, we can take the fiducial
bosonization from Ref. [56]. In this representation, we
assign a qubit to each edge e = {j,k} € Eg of the
frustration graph. Without loss of generality, we choose
one of the terms from h; and hj to act on this qubit as
oZ, and we let the other term act as o (e.g. h; acts
as o? and hg acts as 07). Additionally the only terms
acting on the qubit corresponding to edge e are hj and
hg. Thus, hp is the only induced-path operator acting as
o¥ only on the qubits corresponding to the edges in F[P],
so it satisfies the property.

C. Deformation Closure of an Induced Path

We now prove the following lemma regarding paths
within the same deformation closure.



Lemma 16. Let P = j*-j,-...
with ¢ > 2. Then

(A%) ;-

-j¢ be an induced path

for all P € (P) and all k > 0.

Proof. 1t is sufficient to prove the lemma for P given by
a single-vertex deformation of P. By convention, we take
Jo=17", and let

= (P\{7;}) U {k},

for k <p j;, withi € {1,...,¢—1}. We consider (Ak)PP,
as the weighted sum of walks from P to P’ on A(G*) in
k steps. Let P, = j*-j1-...-3,, for m < ¢, with P, = P,
and define

(135)

m < i,

~ P,
Fn = {(Pm\{m Uik} mzi.

We first show that, if a weighted arc P. — P; is present
in A(G*) for r,s € {i,i + 1,..., ¢}, then there is a corre-
sponding arc JBT — ]55 with the same weight present as
well. Suppose P, and P; are neighboring in T(G*). I

s >r, then P, C Py with P;\P, = {j,}. Sincer > i, then
s>i+1,s0 P. C P, with P,\P, = {j,}. Thus, there is
an arc P, — P; with weight 1 present in A(G*) in this
case. If s <r, then Py C P, with P,\Ps = {j,}. Since
s > i, we have r > i+ 1, so P, C P, with P,\P, = {5, }.
Thus, there is an arc P, — P, with weight bi. present in
A(G™) in this case. If { P, P} is not in Ey (g+), then there
is a vertex s in I'(5,.)\I'[j,_;] such that P,U{s} = P,uC
with C' € (Cp). Restricting to this case, if s = 4, then
we have that s and k are neighboring. If this is not the
case, then {j; ,s,k,j; o} induces a claw in G. Thus,

we have I's (s) = {j,, k,J;;1} and so P,U{s}=P,uC

with C € (Cp). If s > i, then P, U{s} = P, U C with
C € (Cy). Thus, there is an arc P, — P, with the same
weight as that from P. — P,.

Now, consider the weighted sum of walks from {j*} to P
on A(G*) in k steps. Since every walk in this sum ends at
P, there is a step m < k, that is the last step in which the
arc P;_1 — P; is traversed. After this, no arcs P. — P;
can be traversed where s < ¢. Otherwise, the walk would
traverse the arc P;_1; — P; again. Thus, all arcs P, — P;
traversed after step m have r,s € {i,i+1,...,¢}. Since
Ap_yp = Ap _ p = 1, we subbtltute Apz e

APi—hﬁi at step m and Apr’ps — Ap_p, thereafter. This

(136)

gives a walk with an equal weight that ends at 13, and

since this substitution can be performed for each term in

the sum, we have
(A%)

= (AF) (137)

{3=}P {*}.P>°

completing the proof. |
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We note that a single-vertex deformation of a path P
is a special case of a bubble wand with the hoop being
a cycle of length three. Thus, we expect there to be a
similar result, regarding bubble wands when the hoops are
even holes and describe symmetries of the model, which
we shall see in the following section.

D. Proof of Polynomial Divisibility

We now prove Theorem 3.

Proof of Theorem 3. Our proof is by induction on the
power k of ad;r. Clearly, we have

adZHX X = Z (AO){j*}_Phﬂ
Pep ’

(138)

and

adjpx = =2 Yy xhj =—=2i Y (A)-y php, (139)

JEK pPeP

so the theorem holds for k € {0,1}. Now assume it is
true for all powers m < k, i.e.,

ad?}{ X = Z (Am){j*}yphp, (140)

PeP

for m < k. Now take
adly x = [iH,adl;" ] (141)
1 . _ ‘

- _5(—21)‘“ > (AR ey pliH hp]  (142)

Pep
= (—2i)" Z (A*" ) joy.pb3 hpyy,  (143)

PeP

P:j*-...-jg

+ Z {J 1P Z hphj, (144)

pPeP j¢pP
[[hj,hp]]——l

where the third line follows by expanding the commutator
and collecting terms according to whether 5 is in P. Note
that in the former case, the only operator h; with j in P
that anticommutes with hp is hj,. By Lemma 2, there
are three cases whereby h; can anticommute with hp for
J not in P. In case (b.i), where j <p k, we have a unique

additional term corresponding to P = (P\k) U {j} and k

not in ﬁ, which cancels the term corresponding to P and
J as

(ASY) oy p hphy + (AR o S hihi
= (A5 oy p = (AR oy p| ey (145)
—0. (146)

In case (b.iv), we have that I'p(j) = {js,J.r1,7d¢}
for 0<s<¢—2 (if s = ¢ — 2, then we again have



case (b.i)). Let P = j*-j,-...-j,, then we have
that C = (P\P')U{j} gives a hole in G. Next, let
P* = (PU{j})\{dss1} be the path traversing C in the
opposite direction to P. We shall show that

(Am){j*},P = (Am){j*},P* ) (147)
for all powers m < k. We have
(Am){j*},P = Z A{j*},P(1>AP(1),P(2> ...AP(7n—1)7P.

Pepim !

Note that the summand is only non-zero when
P ={PW, . .., P™ D} is a walk on the directed graph
with weighted adjacency matrix A. Let us now group
terms in this sum by walks which pass P’ for the last
time at step g. This gives

m
(A™)Goyp =2 D Agppo -

9=lpepro—!

x (MG

AP(gfl)’P/
(148)

>{js+1},<P\P/> ’

where Ag\r(p is the weighted adjacency matrix corre-
sponding to the graph G\I'[P’] in the natural way. It is a
result of Ref. [45] that h;_ is a simplicial mode for this
graph, and so this matrix is well defined.

First, note that, strictly speaking, we cannot have
g = m by the requirement that s < £—2 and the fact that
the length of a path can increase by at most one at any
step in the walk. This implies that the largest g can be
is m — 3, but we shall include all values of g that are not
obviously forbidden in Eq. (148) with the understanding
that there are no terms in the sum when g is too large.
Next, we shall see that once the walk passes through
P’ for the last time, it must immediately pass through
P'"U{j,, 1}, orit will eventually have to return to P’ again
to proceed to P. Since j neighbors j, and j,,,, if the
walk passes through any path containing 7 from this point,
it will again return to P’ by the definition of A. Finally,
if the walk passes through a path P, = j*-j;-...-7, for
r < s, then it must pass through P’ again. Thus, our
requirement that the walk passes through P’ for the last
time at step g gives Eq. (148). To prove Eq. (147), it is
sufficient to prove

A —(A™ . 149
( G\{J’k}){j},(P\{j*}) ( G\{J’k}){k},(P*\{J*})7( )

for 3,k € K, with the simplicial mode corresponding
to vertex j*, and P* = (P U{k})\{j} with (P\{7"}) U
{k:} = (P*\{7"}) U{j} € Cc. We thus proceed to prove
q. (149).
Lettmg H' = H — hj — hg, we apply the inductive hy-
pothesis and assume the fiducial bosonization of Ref. [56]
to obtain

=2

ML o [k adii i)

(Ag\{jvk’}){j},(P\{j*})
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where
—1
- (I04) (re)sb o
ueC
1
hT_bT o(hex). (151)

Here, C = PU{k} = P* U {j}. Note that the factors in
hc have cyclic ordering, so that the corresponding factors
in h;r, are canceled. This gives

AT, )
( AR e\t h

(=2~ t
tr |h (h d%. (xh; 152
= Lo b (w0 adiy )] (152)
_ - . m |pt
=i tr {(hgx) adgy, [ ()] o (153)
where we have applied the identity

m times in succession. We next sum over all deformations
of P with the coefficient corresponding to C' to obtain

2 (H bi) <Ag\{j”“}){j},<P\{j*}>

Pe(P) \ueC
c=PU{k}

27" m C
== {0 adip [167 ()|

27m
=t { (hg) I adfy [k

2-m .
= > tr{(hjx) hl adi, (th)}

Pe(P)
C=PU{k}
Pc(P) \ueC ( ){’f}’(P \{3*}h)
C=PU{k}

Note that m + |C| must be even in order for the walk to
reach either P\{3"} or P*\{3"}. Applying Lemma 16, we
have that the matrix amplitude in the sum is a constant,
and so we obtain Eq. (149). By pairing corresponding
walks to P and P* with the same first ¢ — 1 steps in
Eq. (148), we have Eq. (147). Therefore, in case (b.iv), the
contributions from odd holes cancel, and the contributions
from even holes add. This completes the proof. ]

VIII. APPLICATION OF RESULTS

We now apply our formalism to a two dimensional
model. The system is supported on a two-dimensional
square lattice, with five qubits located on the links of
the lattice, such that there is a spin at each of the po-
sitions (j + §,k) and (j,k + §) for o = {1,2,3,4,5}.



Due to the symmetry of the lattice we collect the terms
along each link of the lattice in the Hamiltonian by
their coupling strength and label each term as h, for
w € {a,b,c,d e, f,g,h}. The full Hamiltonian is given by

— Yy x
H= {a (Uj+%,kaj+67k+ Tjk+2C M+%>

x Y
—&-b(a, WO +U]k+6 Lk

i
z Y
“FC(U» 210543, +0Jk+6 J,k+%

+d (”ﬁ%k"ﬁ%k + 5812, k+%) (155)

Jd
x Yy
+g<aa+é a+1k+1+‘5k+4“a éw)
Yy
+h<aa+ KOsk T O s Jk+5>}

M RN RN

FIG. 6: The frustration graph for the two-dimensional
model. The frustration graph is simplicial and claw-free.
The model is neither a line graph nor (even-hole,
claw)-free and so exists beyond the scope of Refs. [37, 39]

The frustration graph of the model is shown in Fig. 6.
The frustration graph is not a line graph, thus admitting
no obvious map to free fermions [37]. Also, since the graph
is two-dimensional the model necessarily contains even
holes, and thus falls beyond the scope of Ref. [39]. Never-
theless, the frustration graph is claw-free and contains a
simplicial clique, thus admitting a free-fermion solution
of the form Eq. (2). The model was constructed by first
designing a two-dimensional, claw-free, simplicial graph
which is not a line graph and finding a qubitization of the
model. As we have shown, the free-fermion solution does
not depend on this particular realization. We stress that,
while the solution can be found by mapping the model to
a line graph through a local unitary transformation, the
model was not constructed to have this property.

For small system sizes it is possible to construct the full
independence polynomial and generalized characteristic
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polynomial of the graph, from which the single-particle
energies and fermionic modes can be extracted. How-
ever, in the thermodynamic limit this is not practical.
It is perhaps more informative to use our knowledge of
the existence of such a solution to construct a unitary
(and therefore spectrum-preserving) transformation which
maps the model from its present form to one whose frus-
tration graph is a line graph.

The unit cell of the model contains sixteen Hamiltonian
terms acting on ten qubits; however, there is a symmetry
between the horizontal and vertical links of the lattice.
It is sufficient therefore to consider the transformation
on a single arm of the graph containing eight vertices
(Hamiltonian terms) applied to five qubits; we thus denote
the Hamiltonian on each of the arms of the graph as

Harm:ha+hb+hc+hd+he+hf+hg+hh,

with each term associated to the Pauli realization given
in Eq. (155) in the natural way.

FIG. 7: A 2-dimensional simplicial claw-free frustration
graph. (a) A graphical depiction of the unitary circuit to
map the model as given to a model whose frustration
graph is a line graph and so admits a Jordan-Wigner
solution. In the last step, we show the generalized
Jordan-Wigner solution applied to a single unit cell,
though it is not always the case that such a solution
extends globally. (b) The generalized Jordan-Wigner
transformation on the entire model.

The transformation is depicted graphically in Fig. 7a.
In each step the Hamiltonian is conjugated by a unitary



generated by the product of a pair of terms, choosing the
generating angle to remove one of the terms. This will
generally introduce new terms in the Hamiltonian with
interaction strengths depending on the rotation angle of
our previous steps. By choosing our rotations appropri-
ately, we can iterate this procedure until the frustration
graph is a line graph. While our result guarantees that
such a unitary circuit exists, in general cases it may be
difficult to find in practice.

We begin by applying a unitary rotation to contract
the edge between the vertices ¢ and d. This rotation is
generated by the product of the Hamiltonian terms h,
and hg in each of the halved unit cells so that

Usy = H Oheha
7.k

=] | exp (—i&a? 3 ) exp (—i&a? 3> ,
g J+§k Jik+g

c

with 6 = %arctan( d) and chosen such that
Ueci(he + ha)U!, = hs where hs = /¥ + d2hg. That

is, the Hamilténian term associated with the vertex c is
removed from the model. Note that vertices a, b, and e
each neighbor both ¢ and d, thus commuting with the
unitary U.q. However, vertex f neighbors only d, so this

rotation introduces an additional term to the Hamiltonian

fsin(20)0% 5 o* , on horizontal links,
h — j+6’k j+g;k7
" fsin(20)0* 0% on vertical links,
Gkt Gkt

for each arm in the lattice via Ucdthch = cos(20)hy + hy.
The frustration graph of the rotated model is shown in
the top right of Fig. 7a. This graph is one of the forbidden
subgraphs of a line graph and so another rotation needs
to be applied in order to find the hopping graph. We now
apply a rotation to contract the edge between vertices e
and f. This rotation is given by the unitary matrix

ey = [L et
ik
= e —ipo” e —ipo® ,
eww (-i6m7 o (i o)

with ¢ = f%arctan (“%@) and chosen such that

Uey(he + cos(29)hf)UeTf = h,. We now see that the
frustration graph shown in the bottom left of Fig. 7a is
a line graph. Finding the root graph, as shown in the
bottom right of Fig. 7a, gives the hopping graph of an
arm of the lattice. Though it is not always the case that a
local transformation will extend globally, in this case we
have transformed the entire Hamiltonian into a line-graph
free-fermion model with a local unitary circuit.

With the Majorana hopping graph identified, it is then
possible to numerically construct and plot the dispersion
relation for the model. The dispersion relation for the
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FIG. 8: Dispersion relation ¢(p) for the two-dimensional
model studied here with x (a) turned off and (b) turned
on. When h, is turned off, the model reverts to the same
phase as the Kitaev honeycomb model as can be seen
from the Dirac cone shape [57]. When h,; is turned on, a
gap opens up and the other bands hybridize as in the
periodic model.

model is shown in Fig. 8. Note that when h, term is
turned off (that is, when fsinf = 0), the dispersion
relation has a conical shape and is critical at p = (0,0)
with critical exponent z, = 1. Thus, when x = 0, the
model is in the same phase as the Kitaev honeycomb
model [57]. On the contrary, as k is increased, the gap
opens and the other bands hybridize. Thus, we have
constructed a gapped, two-dimensional phase which can
be realized by a two-local Hamiltonian. Models with
properties such as these could prove useful for applications
in error correction or general condensed matter physics.

IX. DISCUSSION

We have developed a graph-theoretic framework for
free-fermion solvability, which unifies the results of the
previous work. Our results show that the absence of a
claw and the presence of a simplicial clique in the frustra-
tion graph of a Hamiltonian are sufficient to prove that
the model has a generic free-fermion solution. Further,
this condition can be efficiently determined via the algo-
rithm of Ref [40]. Our key insight in this proof is the
identification of a family of mutually commuting Hamilto-
nian symmetries — the generalized cycle symmetries (see
Section V). The identification of these symmetries has
also developed further the connection, previously estab-
lished in Ref. [39], between the absence of a claw in the
frustration graph of a quantum many-body model and
the integrability of the model. In the case of simplicial,
claw-free graphs, we have shown that finding the single-
particle energies of the model reduces to diagonalizing the
generalized cycle operators of the model. These operators
are, in general, not Pauli operators (see Section I B). Nev-
ertheless, the diagonalization of these operators does not



necessarily represent an intractable barrier to obtaining
the energies of these models.

While the sufficient condition of an SCF frustration
graph encompasses the previous work in this area, SCF
Hamiltonians do not span the entirety of the free-fermionic
Hamiltonian space. For one thing we know that there
exist models which are free for specific coefficients; for
another there are models whose spectrum is the union
of a super linearly increasing number of free-fermionic
spectra. In Section VIII, we considered a two-dimensional
model that is equivalent to a Jordan-Wigner solvable
free-fermion model under a constant-depth circuit. One
could imagine a class of models that can be mapped to a
Jordan-Wigner solvable model via a circuit whose depth
grows exponentially. Thus, it is clear that a characteriza-
tion of free-fermion models could be developed based on
the depth of the circuit needed to transform the model’s
frustration graph into a graph for which a Jordan-Wigner
transformation to free fermions applies. Such a character-
ization could theoretically help to categorize those models
which do not have a gapless phase, and thus fall beyond
the scope of the characterization by critical exponents
and quantum field theories [58, 59].

Since the claw is a forbidden induced subgraph of both
previous graph-theoretic characterizations, it seems to be
a natural criterion for a free-fermion solution to apply.
However, it is perhaps mysterious that we require the
presence of a simplicial clique as well. Indeed, the graph
families of both previous characterizations are guaranteed
to also contain a simplicial clique. This was recently
shown in Ref. [44] for a family generalizing (even-hole,
claw)-free graphs, as inspired by this precise question.
Intuitively, we can view a simplicial clique as a kind of
fermionic boundary mode, and its existence in a claw-free
graph implies a recursive structure that forces the model
to be fermionic in some sense. We capture this intuition
by connecting these models to a polynomial divisibility
result for the independence polynomial of a graph given
by Godsil [50] and later generalized to the multivariate
setting in Ref. [46]. While our characterization does not
capture all free-fermion solutions to spin models (there
are well-known examples of non-generic solutions), we
expect that it will be difficult to remove the simplicial
clique assumption in the generic case.

Regarding quantum circuits, there is also the ques-
tion of whether this class of free-fermion models also
extends the class of free-fermionic quantum gates. It
is known that the matchgates [18-22] represent a non-
universal set of quantum gates. It is also known that
a quantum circuit constructed entirely from matchgates
results in Gaussian states which are ground states of a
Jordan-Wigner-type Hamiltonians [22]. This then raises
the question of whether there is an overlapping, but not
universal, gate set which produces the SCF Hamiltonians
developed here. Also related to quantum circuits is the
notion of simulability. It has been suggested [60] that
free-fermion states can be more efficiently prepared using
quantum optimization algorithms than their interacting
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counterparts. It would be interesting to know whether
the ground states (or thermal states) of SCF models are
more efficiently prepared using quantum optimization al-
gorithms. It is clear then, that while the current work
extends the class of known free-fermion-solvable models,
there are avenues for further work regarding both free-
fermion solutions to many-body physics, and using the
mathematical framework of graph theory to probe our
understanding of physics.

Certainly, it appears as though free-fermion solvable
models are more abundant than was previously known,
so an obvious question to ask would be: just how abun-
dant are free-fermionic Hamiltonians? Even if the class
of Hamiltonians was restricted to those currently known
to have a generic solution it remains unknown what the
likelihood is of a random Hamiltonian admitting an SCF
free-fermion solution. There are also unanswered ques-
tions pertaining to whether free-fermionic systems can
be leveraged for purposes within the field of quantum
information. A strong link between the Jordan-Wigner-
type free-fermion models of Ref. [37] and error correcting
codes for quantum computing has been established and
studied by Ref. [56]. However it remains to be seen
whether such a link can be extended to include the (even-
hole, claw)-free models developed in Ref. [39] or the SCF
models developed in the current work. The ability to
leverage free-fermionic solutions might also appear useful
in the development of more compact fermion-to-qubit
mappings [34, 35], which could have a plethora of uses
in the fields of quantum chemistry, condensed matter
physics, and high-energy physics.

Another example of future work that could be probed
within the mathematical framework of graph theory per-
tains to the question of qudit many-body models and
free parafermions. In particular, it would be interest-
ing to understand whether there exists a graph-theoretic
characterization of free parafermions in the same way
that we have developed for fermions. Some examples
of free-parafermionic models have been studied in isola-
tion [61-64], while families of spin chains have also been
constructed [65-68]. However, as of yet, there is no sys-
tematic identification mechanism akin to the simplicial,
claw-free characterization of free fermions. We conjecture
that such a characterization is possible.
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Appendix A: Proof of Lemma 6

Lemma 6 (restatement). Let P(") be a path in B and let u be a vertez in C'.

(a) If hy and hpoy anticommute, then w is in U™ for some s if and only if u and j(()r) are distinct and Aq (u) =

Ace-n(u) + 1.

(i) If Aco (u) = 3 with u <o v, then v is in C and the pairing type of {u,v} is the same as that of 3.
(i) Ao (uw) =4 if and only if Ac(u) = 3 and the pairing type of u <c v is opposite to that of 8

(b) If ha, and hpe commute and w is in UTS) for some s, then Mg (u) = 4 and there is a vertex u' in U
with 8" < s such that hq and hpey anticommute. If P is the unique component containing u' with the same

pairing type as 8 then u is in P.

We shall assume without loss of generality that 8 is (a,c) pairing and that P() is a connected component of
G[C,®C.]. We shall prove statements (a) and (b) separately.

1. Proof of Statement (a)

Proof of Lemma 6 (a). We first assume that w € C’ is a vertex such that h,, and hp» anticommute. If u is in U(rs)

() ()

for some s € {1,...,¢,}, then w is distinct from j;’. We assume that w distinct from j,’ and shall prove that u

is in U for at least one value of s. If w is in P(T) then u = k:( ) . However, k( ") ’, is in C\C" by the proof of
Corollary 6 and our assumption on 8 Therefore w is not in P(").

Suppose that w is in P(") and that w is not in U for any value of s by way of contradiction. If u neighbors
neither or both of the vertices in the set {_75 15 k:( )1} for every s, then h,, and hp) commute. Thus, suppose u is in
I‘Cl(k(T Nl 7, )1] for some s. If s = ¢,, then this contradicts our assumption that k:( r) ' | is the endpoint of P(") by
the proof of Corollary 6 and by Corollary 1. Thus, s < £,., and so £, > 1.

We have that 5 is in T¢v (u), otherwise {k(r)l,ggr)l,js ,u} induces a claw. Since ) is in €/, then w is in cl. If
k™ is not in T'(w), then w is in U+ and we assume that k" is in T'(w). There is an additional neighbor v € C,

to w, which is distinct from jgr_)l. v is not in {kgr)l, "}, since both vertices in this set are neighboring to 5" € C".

Further, v is not neighboring to kgr_)l, otherwise the set {ks 1,33)173@7 v} induces a claw. Thus, v is in Fcl(kgT)L
otherwise the set {u, kgr)l, k" v} induces a claw, and so v = ji_,:l and ¢, > 2. Then I'py (u) = k(r) 3 k5 '(T)
as u has no additional neighbors in p(r by Lemma 2. However, then w is in U512 and h,, and h P Commute.

Therefore, u is in U*) for at least one value of s € {1,...,¢,} if and only if w is distinct from 5 (") Now, by applying
Lemma 2, we have that Aqey () = Age—1) (u) + 1.
(1) g, (r) _(r)

If w is neighboring to P as in Table II case (b.i), then w is in U™*) for s > 1 and T pe (u) = Jy oKy oGy ;-
If w is neighboring to P(") as in Table IT case (b.iii), then w is in U™ and Tpey(u) = {jg )}. Finally, if u is
neighboring to P as in Table II case (b.iv), then w is in UM™Y and Tpy (u) = {jér),jgz)l—kgi)l} for 1 <t <4, or
I'pi(u) = {J(T) k: - _]tr)l} for 2 <t < ¢,. In these cases, we have Aq (u) = Age—1) (u) + 1. If w is neighboring to
P as in Table II case (b.iv) with T p(y (u) = {k:ir)2 Jgr)l, h—l} for 1 < s < £,, then this contradicts assumption that
kg)—1 is an endpoint of P("). This proves that Ag (u) = Ag—1) (w) + 1. This result allows us to prove Corollary 10.

Suppose u is in U™*) and h, and hpe) anticommute. Further, suppose that Age(u) = 3. By Lemma 3, u

(7 )

neighbors a mutual neighbor v to j@ and k:( in C"s=1)_ Then v is not in P(") since it neighbors both Jo_q1 and

S
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kzgr_)1 Thus, v is in O™ and v is in C("~Y). Similarly, let v’ be the mutual neighbor to jgr_)l and k:gf_)1 in C(ms=1) other
than v. By the same argument, v’ is in C(") and v’ is in C"~Y. Let w be the additional neighbor to v in C") other
than jgr_)l. Since w has three neighbors in C("), then either T'x(r (u) = w—v—jgr_)l or Mo (u) = v—jgr_)l—v’ by Lemma 2.
However, if v’ is a neighbor to u, then since Aq(u) = Ape—1 (u) + 1, we have that T'e—1)(u) = {v,v’}. This
contradicts Lemma 2 since v and v’ are not neighboring ({v, w, kg?l, u} induces a claw). Thus, Toe (u) = w—v—ji?l,

(7 )

S0 u <o v. If visin C’, then {u,v,j,’;} induces a triangle in C’, so v is in C\C’. Since v is a neighbor to

kﬁi’l € C,, then v is in C}. Further, u is in C’fi since w is in U™, and so u <q(» v is (a,c) pairing. This proves
statement (a.i).

Now, suppose u is in U"*)| hy, and hp(y anticommute, and Aq -1 (u) = 3. Again, let v be the mutual neighbor
to jgrjl and k@l in C(»5=1) that is neighboring to u. Then v is in C"~Y, " and C\C'. If Ac(u) # 3, then
there is a path P9 € O with g < r whose corresponding operator anticommutes with h,. If h, commutes with
every such hpe), and Ag(u) # 3, then Ap-1)(u) and Ac(u) differ by an even number. However, w can have no
odd degree in C other than 3 by Lemma 2. Now suppose that g < r is the largest index such that hp) and he,
anticommute. By Corollary 7, P9 and P(") are distinct. By Corollary 10 and Corollary 11 for 8 = 8’ , we have

that v = ](()g), and s0 Ao (u) = 2. Therefore, A1) (u) is even since we have assumed there is no path P(® whose
corresponding operator anticommutes with h,, for g < ¢ < r. This contradicts our assumption that Ax¢—1)(u) = 3,
and so A¢(u) = 3. Now suppose that Ac(u) = 3 and g < r is the largest index such that hpe) and h,, anticommute.

By Corollary 11, u = 3(9) Then w is in C¥) and thus w is in C"~1) by Corollary 9. This contradicts our assumption
that A, and hp(r) anticommute. Thus, if A¢(u) = 3, then h,, commutes with all operators hpe) with g < r. Thus,
Ao (u) = 4, since u can have no odd degree in C"=1) other than 3 and Ao (u) = Age—1 (w) + 1. Since v is in
I'c(u), and k:gT_)l € C, is not neighboring to u, the clone to v in C is in C,. Therefore, u <¢ v is (a, d) pairing. This
proves statement (a.ii), and completes the proof. |

2. Proof of Statement (b)

Proof of Lemma 6 (b). We assume that u € C’ is a vertex such that h, and hpy commute and w is in U*) for

some s € {1,...,0,}. We shall show that Axe(u) = 4 and that there is a vertex v € U with s’ < s in the same
connected component P of G[C,&C| as u. We achieve this by showing that s # 1 if h,, and hpey commute. We

argue that there is a vertex ' in Us) with s’ < s such that hys and hp anticommute.

First, suppose that w is in P("), then u = kérjz by our assumptions. Hence, s > 1 and ¢, > 1. Since
P is a connected component of G[Co®C!] and k:gr 5 is in C’, then kgTJQ is in C, N C), by construction. Then
Lo () = T () U {375,507}, and so Age () = 4 since Age () = 2 and oo (w) N {5175, 57} = 2
Further, jgr)Q has an additional neighbor v € C’ other than kgr)Q, and thus v € U5~ By Corollary 3, v neighbors
w € C"5=3) which is a mutual neighbor to j( "), and k:( ) . Then neither w is in C’ nor {v,w,jg%} induces a
triangle in C’. Thus, w is in C, and hence in C}, since it is nelghboring to k:gi)Q € C,. Similarly, v is in C, since it is

neighboring to J( ", e C!. Thus, v and u are in P since they both neighbor w € C}.

Suppose that wis not in P, If s =1, then u has an odd number of neighbors in P(") by Lemma 2, and so s > 1,

¢, > 1, and k: ") 5 1sin Tpey (u) otherw1se {Js 15 kgr_)g, k:gr_)l,'u,} induces a claw. Let w;_1 be the mutual neighbor in

C=1 to every vertex in the set {]6 2 k(T)Q,Jir)l, ir)l} as shown in Fig. 3. We consider the case where u neighbors

neither ws_; nor ]( )2 and then the case where u neighbors at least one of these vertices. Recall that |C| = 2k by the
labeling for C' in Eq. (16), and that |C("=D| = |C|.
(r)

If £k =2, let =1 = = Wgs_o- k:( ") o Ws_1- k( ") 1-ws—_s. If uw does not neighbor ws_; or 7,5, then u neighbors w,_»

by Corollary 1. However, then {w,_ 2,](9 )2, k:(g )1,u} induces a claw. Thus, u neighbors either wy_; or ]( ")
( )

If k =3, let CU D = w,_o- k:( )2 —We_1- kg )1 -ws-t-ws_o. Assume that w does not neighbor w,_; or 3, 5. By

(1)

applying Corollary 3 to j,’y <c(rs—1) kg )1 and using the assumption that ws_1 is not in T'¢ers-1) (), we have that

wg-t is in U1y (u). We require that k:(r) is in L1y (u), otherwise {jff_)l, kgr)l, k:ir_)Q, u} induces a claw. Then

oo (u) = ws—t—ws,g—kg_)2 by Corollary 1 and the assumption that ws_1 is not in I'prs—1y (). If £ is in P
then there is a vertex s € C such that ¢ is the clone to s in the deformation by P, i.e., s is in {ji’;)?),jgr)}. Then
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Ws-t-ws_o inin Toio1y(8), and so w is in T'ev (8), otherwise {ws,g,jgr_)Q, s, u} induces a claw. Therefore, Axm (u) =4
regardless of whether ¢ is in P("). We now prove that there is a vertex v in UTs") with s’ < s in P.

Assuming that k£ = 3 and u does not neighbor w,_; or jg7;)2, then Ac/(kzgi)Q) > 3, since its neighbors {j@%_js 1, u}b

do not induce a path. Thus, there is a vertex v in U(*~1)_ This vertex is not in C"~Y since then it is a neighbor
to ]( Yin 0V o It ](T) has an additional neighbor in C"~1) then the neighbor is t, however t is not in C’,

() 5, €Cland u e Cl. Thus let'ubeamUTS D, and so v is not in C"~Y. If v does not
+(r)

otherwise ¢ neighbors j,
neighbor w,_o or wg, then T'pio1y(v) = ws_l—k: 1 by Corollary 3 applied to j, 5 <grs—2) kgt)z Since both w,_;

and kgT_)l have neighbors in C? and C/, then v has an additional neighbor v’ € C'\C(Tfl) If v’ does not neighbor
k(r) -()

s—1»
kgr_)l Then v' = ") and Dpe-n) (V') = kir)l—w -t-w,_5. However, this induces the claw {j{", v, w, o, w,}. Thus, v
neighbors at least one of w,_o or wy, and so v is in U= and v is in P.

then {v,v’, A JgT)Q induces a claw (v’ and j,

519 5 are in the same coloring class of C’). Thus, v’ neighbors

If & > 3, let 1 = | -w,_ Q—k(r)z—ws 1—kgr)1—ws—t—ws+1— . Then kgTjQ is in oo (u), otherwise

{]S 1,kgr)2,kg )1,u} induces a claw. If w does not neighbor w,_; or ]g )2, then w2 is in T'oe-n (w0 ) to sat-

isfy Corollary 1 for k( )2 in To-1y (w). Further, ¢ is in T'n—1) (u) to satisfy Corollary 3 for ]( ") <clrs—1) k:S 1, and t

is not in I'pirony (]Sfl) by construction. However, then {u, ws_g,gifl, t} induces a claw. Thus, u neighbors at least
one of w,_; and jgt)z.

7)

Let w,_; be the mutual neighbor in C"~1) to every vertex in the set {'",, k", 7, &}, as shown in Fig. 3.

We assume that w is neighboring to w,_; or jgr_)Q, or, if there is a claw, then there is a vertex v € U1 in

the same component of G[Cy®C)] as u. If u is neighboring to w,_1, then it is neighboring to jiT_)Q, otherwise

+(7) :(r)

{ws-1,74 "5, k(f)l, u} induces a claw. Thus, u is neighboring to j’, regardless of whether it is neighboring to ws_.

By Lemma 2, u is then neighboring to k( )3 so that h,, and hpe) anticommute, and then s > 2 with ¢, > 2. Further,

(r)

u does not neighbor j,",, since u has four neighbors in P(") with T p() (u ) k:(r)3 3k Let w,_y be the

mutual neighbor in C"~1 to every vertex in the set {j ET)3, kg )3,]gr)2, 3_2}. This vertex must exist by Lemma 3.

Since ¢, > 2, then k > 2, where we recall that |C| = 2k by our labeling scheme for C. By Lemma 3 with respect
to C(rs=3) (prior to the deformation by jsi)?, = C(rs—3) kirjd), we have that w is neighboring to w,_s, since it is
neighboring to k( ") 3 € C(5=3) and not ](T) Then wg_s is in C\C’, since if v is in C’, then {jg@l,ws_g,u} induces
a trlangle in C. Further wg_o is in C}, since it neighbors k:(r)3 in C,. By Lemma 3 with respect to the deformation
by _7S 1 < olrs—1) k:s 1, we have that u is neighboring to ws_1, since it is neighboring to j( ", € ¢rs=D . Then
ws_1 is in C\C’, since if wg_1 is in C’, then {](T) ws_1,u} induces a triangle in C’. Further, w,_; is in Cy, since it
neighbors kiq in C,. Thus, I'oer—ny (u) = kggg—ss,g—k@?ws,l and o (u) = ws,g—jger—ws,l—j@r Therefore,
AC(T») (u) =4.

Now, let v5_o be the additional neighbor to ]( ")

in C’, other than w. Then v,_5 is in Cr=1 since Toir1y (327;)2) =
oo (u) = ki_)3—ws,2—kg_)2—ks,1, and w is in C/. If vs_5 does not neighbor k:i,’ﬂ_)27 then v,_s is in U™5~Y . Further,

Vs_o neighbors either ws_o or ws_1, otherwise {jg?27ws,2,ws,1,vs,2} induces a claw. Both w,_5 and ws_1 are
neighbors to w in Cj, and so vs_9 and w are in the same connected component of G[C,&CY].

Assume that vs_5 neighbors kgr)% then vs_s neighbors wg_s, otherwise {k:gr_)Q,jir_)l, Vs_9,Ws_o} induces a claw.

By applying Lemma 3 with respect to 4 <grs-2) kg )2, we have that ]( "

k(r)

is in I'(vs—2). If v5_o does not neighbor
3, then vs_5 is in U(ms=2) Further, v,_» and w are in the same connected component of G[Cy®CY], since they

both neighbor w,_5 in C,. Assume that vs_s neighbors kg33 Let ws_3 be the mutual neighbor to 3(33 and kg33

S
in C"=1Y other than ws_5. Then w,_3 is in I'(vs—2), otherwise {kgrj?,, u,Vs_9, Ws_3} induces a claw, since u has

four neighbors in C"~1) which do not include w,_3. If w,_5 is in C’, then {ws,g,vs,z,j@?)} induces a triangle

in C’, and so w,_3 is in C\C’. Additionally, w;_3 is in C, since w4_3 is neighboring to k:gi)?, in C,. Let vs_3 be

the additional neighbor to Jgrjd in C’. Then v,_3 does not neighbor kg;)37 since FC/(k:L(QB) = gi )3 -~V g—gg Do
Thus, v,_3 is in U™=2). Then v,_3 is neighboring to w,_s, otherwise {ji@s,ws,g,ws,g, vs_3} induces a claw, and
For(ws—2) = gg )5 “Vg_o- jg Y . Thus, vs_3 and w are in the same connected component of G[Cy®CY], which includes
Vs—3-Ws5-3-Vs_2-Ws_2-U.
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We recursively apply this argument by replacing « with the only member of U(*=%) and s with s — ¢ for 6 € {1,2}.
Since s is strictly decreasing in this recursion, then there is eventually a w such that h,, and hpy anticommute, since
hy and hpey do not commute if w is in yrl), Therefore, there exists a vertex u’ in Us") with s’ < s such that Ry

and hp( anticommute, and the unique path component containing u’ with the same pairing type as O contains u.
This completes the proof. |

3. Proof of Corollary 10

Corollary 10 (restatement) Let 8 and 8 be possibly non-distinct deformations of the same fixed-pairing type.
There is no vertex w in U™ N UG such that hy anticommutes with hpwy and hp) for distinct path components

P in 8 and P9 in 8 for some s and t.

Proof. Let P(") ¢ 8 and PU) ¢ 8’ be distinct path components for possibly non-distinct deformations 8 and 8’
of the same fixed pairing type. Assume there is a vertex uw such that h, anticommutes with hpey and hp) for
u € UM NUYY for some s 6 {1 .4} and t € {1,...£4,}. Since P(") is a component of G[C,®C"], then u is in

(Y, since it is a neighbor to jo S C” Thus, P is a component of G[C,PHC"], since u is a neighbor to Jo e ',

(7).

and j; is not in C,. Since P(") and P9) are distinct, they are therefore disjoint. It follows from the neighboring

relations in the proof of Lemma 6 (a), that either I'per) (u) = {jg")} or Aciqpe (w) = 2, and similarly for P, Thus,
Tpo(u) = {557} and Tpy) (w) = {55} Otherwise, u would have three distinct neighbors in C/.

Let C9=1 ¢ (C) be the even hole given by deforming C' by 8’ until the deformation by P . Similarly, let
C=1 ¢ (C) be the even hole given by deforming C by 8 until the deformation by P("). By Corollary 3, u is
a neighbor to a mutual neighbor v, to jég) and k(()g) in C9=Y . As in the proof of Corollary 9, v, is in C\C’, or
{](g) vy, u} induces a triangle in C’. Similarly, let v, be a mutual neighbor to jgr) and kgr) in =1 that is a

neighbor to u. By the same argument, v, is in C\C’. Since v, is a neighbor to k(()g) in Cy, then v, is in Cp. Thus, if

-(9) -

u is in C, then u is in C,. However, this contradicts the assumption that j3’ is an endpoint of P since j(()g ) has

two distinct neighbors u and kgg) in C,\C!. Thus, u is in C,\C and u has two possibly non-distinct neighbors v,
and v, in Cy\C".
Assume that v, is distinct from v,. By Lemma 2, u has either three or four neighbors in C. Assume that u has

four neighbors in C, then it has two distinct neighbors w and w’ in C,. Then ](g) is not in {w, w’} since ](g) is in

CI\Cy, and k(g) is not in {w, w'} since k(g) does not neighbor u. Thus, neither w nor w’ neighbor Jé ), since the

only neighbor to ](g) in C, is k:(g) This induces the claw {u, g(()g), w,w'}, and so u does not have four neighbors in C.
Now assume that w has three nelghbors in C then it has a neighbor w in Ca, which is a mutual neighbor to v, and

.. By a similar argument, w is not in {k kz(r)} since neither k( 9 nor k( neighbor w. Thus, neither ](g) nor ](T)

) :(9) 4 (r) w)

nelghbor w, since their only nelghbors in C, are k:(g and k(() ), respectively. This induces the claw {w,j5, 730 7,

and so vy = v,. If v; = v, then {'v, o ,kzé ), u} induces a claw. Therefore, no such vertex w exsits, completing the
proof. |

Appendix B: Proof of Lemma 7

Lemma 7 (restatement). Let 8 be a fized-pairing-type deformation of C by vertices in C' with labeling as in Def. 19
and let U be a vertex subset as in Def. 20. If U is a subset of C™), then 8 1s palindromic.

We first prove the following lemma, which shows that any vertex in exactly one of C” or C"™) is not involved in the
deformation @ when U is a subset of C(™).

Lemma 17. Let 8 be a fized-pairing-type deformation of C' by vertices in C' with labeling as in Def. 19, and such
that U is a subset of C\"™). For any vertex u in C/GBC(m), u is not in 00.

Proof. Assume w is in C("\C’. Then u is distinct from _7 , for all  and s. Otherwise, w is in C” by our assumption

on 8 Now assume that u = k:( ) for some r and s, then w is not in C(™) unless u = j(g) for some t and g > 7.
Thus, if w is in C™\C’, then w is not in 00.
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Assume that u is in C'\C"™). If u = kir_)l for some r and s, then u has an additional neighbor jgr) € P in the
same coloring class of C’ as ]g )1, since w is in C’. Thus, w is in U5+, This contradicts our assumption that U is a

subset of O™, If u = _7( ") then w is in C™ unless u = kg’i)l for some ¢t and g > r. Therefore, if u is in C"™@C’,

s—1»

then u is not in 0. This completes the proof. |

We now prove Lemma 7.

Proof of Lemma 7. Assume that 8 is such that U is a subset of C"™) and let

crr) = ( ) P<g>) a(PO\P) ), (B1)

g=r+1

with ') = ¢'0=L8) = C'p @ P and C/0™fm) = O"0mF1) = €. We shall show that k{”} <cicre 57 for all
se{l,...,¢.} for all r € {0,. m} By our assumption on 8 we have k:( )1 <o) ]g )1 Thus, if there is a vertex

v in exactly one of FC,<T,S>(kg )1) or I'cicrs []g 1], then either

(i) v= j(", )1 and js 1 is not in C"(™*) since ]( "), is a neighbor to k:(:_)1 in C("%), Thus, v is in C(\C'("9),

(i) v is in C"™NCT) | since T oo 174 ] = Toome (k7)) as k7| <o 317

Note that

C'meC™) = (CaC)e (@ ) (B2)

0
= C'pC™, (B3)

By applying Lemma 17, if v is in T'qier s (kgT_)l)@Fc,(r,s) [jg?l], then v is in C"")@C(*) = C'®C™) | and so v is not
in 00. Since j7, is in 90 N C™*) | then j, is in C’("*). This rules out case (i). Similarly, k{"”; is in 0\C("9),
and so k(f_)l is not in (%),

If visin Teire (kgrjl)GBFC/(r,s) []gr_)l], then we are in case (ii), and so v is in C""¥\C(%). If v is in C™\C’, then
v is in C, which contradicts that v is not in C("*), since v is not in 0. Thus, v is in C"\C™),

If visin Igiere [jg@l]\FC/<r,s> (k@l), then v is in U(™*), but this contradicts our assumption that U is a subset of
C™). Thus, T [ i@l] is a subset of I‘C/(,«,s)(k:gi)l).

Now, suppose that v is in I'ciens (k ér)l)\l"c,us) [jir)l] If s = ¢, then k:(r) has a neighbor v € C’ that is not

j(r) "4, but this contradicts our assumption that k:( ") _, is an endpomt of P") by Corollary 1 (as in the

neighboring to j,
proof of Corollary 6). Thus, T'ciirs (kg_)l) =T oire []S_)l] if s = ér.

These results hold regardless of whether C’("*) is an even hole. We complete the proof by strong induction on
the number of single-vertex deformations to obtain C’("*). As our base case, we take 7 = m and s = {,,, and
so C'("%) = ', and the result that k:(m) | =<cr Jém)_l follows. By our inductive hypothesis, C'("*) € (C") is an
even hole. To prove our inductive statement, suppose that v is in T'cucr, s)( Pl 1)\FC,(T o [‘](g 1) We have shown that
Lo (k@ ) =Tciims] g )1] if s = ¢,, and so assume s < £,.. Thus, there are vertices ) and k(") in P("), and v is not
in {57, k(M1 since v is not in AO. By our inductive hypothesis, C'(") = C/(ms+D g {5 ,kzgr)}, and C("5tD) € (C') is
an even hole. Since neither vertex in {57, k{"”} is neighboring to jgr_)l, then T qoir st (k(f_)l) =Tciirs) [J(f_)l] U{w, 1.
However, this contradicts Lemma 2, since I~c(~g )1 has at least five neighbors in the even hole C'("**1). Therefore,

FC,(r,s)(kgT_)l) =T cima ] 2?1] and so k( )1 = r(rs) j(g )1 This completes the proof. |

Appendix C: Proof of Lemma 8

Lemma 8 (restatement). The following statements hold for {83 }jew and D at the initialization of the search process.

(i) The deformation 83- 18 a possibly empty fized-pairing-type deformation.
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(i) The obstruction graph D is bipartite with coloring classes given by the pairing types.
(#ii) The deformations {81 tiew of a given pairing type are pairwise disjoint as sets of induced paths.

(iv) Every vertex in the obstruction graph D has at most two incoming arcs. If (5 — ') and (3" — j") are in D,
then j" is the only member of exactly one of U; or Uj:.

We shall prove statements (i)-(iv) separately.

1. Proof of Statement (i)

Proof of Lemma 8 (i). We prove this statement inductively on the number of path components in Bt. In the initial
step of the obstruction search process, Bt is the empty sequence and u; = j. Suppose that j <¢ k is (a, c¢) pairing
without loss of generality, so that 8t is also (a, ¢) pairing. Let P be the component of G[C,&C"] with endpoint 7 in
C!. If PN (W\{j}) = @, then j is untethered with respect to C, and we set 3, = (P©) with P(O) = P. Clearly
is updated to a fixed-pairing-type deformation.

For our inductive step, let 83 9= = (PU )) '_ correspond to Bt at step g > 0 of our obstruction search process, and
suppose that Bt is a non-empty deformation with (a, ¢) pairing type. If u, is defined, then w, is in U"%) (O,)\C'¥),
and h,,, and hp( anticommute for r < g. Without loss of generality, suppose P(") is a component of G[C,®C"]. By

the proof of Corollary 9, u; is in C/;\C, and so there is a unique component P of G[Cy,®C)] containing ;.

We have that w, is distinct from 7, since j is in C9) as j = jéo) and j is not contained in any other path in Bt
other than P(®) by Corollary 9. Thus, if there is no vertex in PN (W\{j}), then u, is not in W. By Lemma 6 (a),

Ao (ur) =3 and uy <o v with v in Cy, i.e., {u, v} has the same pairing type as O;. We shall show that u; <o) v.
If Ay, and hoe) commute, then hy, anticommutes with a path operator hp for r < ¢ < g, and P # P") by
Corollary 7. However, by Corollary 11 with 8 = 8’ , U =17 éq)7 however u; is contained in at most one path component
of 8t by Corollary 9, which contradicts the assumption that w; is not in C9). Thus, hu, and hey anticommute.

Similarly, if v is not in C9), then v = k:(Q) for r < ¢ < g, and P9 is a component of G[Cy® (Y], since v is in Cy\CY
by our assumption on 8 However, u; is in {qu)l,gtq)} b1nce u, is neighboring to v in C)\C}, and so u; is also in
P9 This contradicts the assumption that u, is not in C'9), since u, is contained in at most one path component of
8,5 by Corollary 9. Thus, v is in C’(g).

If v is not the clone to u; in C9), then T'¢(y) (uy) = v-s-t. Then t is in CW\C), and so t = J(q) for some path
component P ¢ Bt with r < ¢ < g. Further, ¢ is in C/\C,, since ¢t in not in C as t is neighboring to u, in C’.
Thus, s is neighboring to v € Cy, u; € C)}, and v € C., and so s is in C,\C’. However, then s is in {kl()q_)l, kl(jq)} as
it is neighboring to ¢ in C,\C"’, and so s is in P@. This contradicts the assumption that s is in C(9), since it is
contained in at most one path component of 8 by Lemma 5. Thus, us <o) v.

Finally, if u; has an additional neighbor t in C,\C("), i.e., u; is not the endpoint of a path component of G [CydCY)),
then ¢t is in k:(Q) for ¢ < r, however then u; is also in {j(q)l,]g])} This contradicts the assumption that w; is not in
C9) by Corollary 9. Thus, u; <o) v, and u; is the endpoint of a path component P of G[Cy@CY] if u; is not in
WA{s}.

If there is a vertex v € P N Cy that is not in C'9), then v = k;@l for ¢ < g and P9 is a component of G[CyaCy).
However, then u; = gé‘n and this contradicts the assumption that w,; is not in C'9) by Corollary 9. Thus, PN C} is a
subset of C9), Let P = ’(QH) k(gH) .. with u; = jégH in C\C%. Suppose that ¢ > 1 is the smallest index such
that kggtl) is not the clone to gggl{ ) in Clo+1t=1) (we have proven this for t = 1). Then j(g+ ) is not, in C9) since it
is not neighboring to _7(9+ ) however it is neighboring to its clone kzgfgl) in Clo—1t=2),

Ifgtg+ )is an endpoint of P, i.e. k§9+11> does not exist, then kgg_zl)—s-t is a subset of I' (g (jg‘ﬁl)). Since s and ¢ are
neighboring, they both neighbor j(g e C’, and neither is contained in C, then precisely one of them is contained in
C,, and the other in C’. Thus, premsely one of these vertices v is contained in C/\C), since it is neighboring to a vertex
in C, and is not in Cjp. Similarly, the other vertex v’ is contained in C,\C’, since it is neighboring to ]tgH € C/, and

v € C!. Then v = J;q)l for a component P of G[C,®C’] in 8t and ¢ < g. Thus, v’ is also in P9, and v’ is in
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{k:l(i)z, k:z(;l)l}. However, v’ is contained in at most one path component of Bt by Lemma 5, which contradicts the
requirement that v’ is in C9). Thus, jggj{l) has two neighbors {kffig”, kzﬁgjl)} in Cy.

1f 59%Y has four neighbors in C@), but 9 Loy BT then Do (395Y) = k91566, By a
similar argument, precisely one of s and ¢ are contained in C,, and the other is contained in C., since they are

neighboring, both have a neighbor in C}, and neighbor jgg ng) € C!. Without loss of generality, suppose that s is in C,

and t is in C’. Thus, s is in C,\C’, since it is neighboring jfﬁtl) €Cland t € C/, and t € C/\C as it is neighboring
s € C, and kggfll) € Cy. Then t = jl(f_)l for a component P ¢ Bt of G[C,®C!] with ¢ < g. However, then s is in
{k:z()q_)27 k:z()q_)l}. This contradicts the assumption that s is in C9) by Lemma 5. Thus, if jigjl) AClorit-1) k:,(ggfll), then

it has three neighbors in C9), two of which are in Cj, i.e., j(()gH) is tethered to jfff{l) relative to C9).

Suppose then that j(()g+1) is tethered to jggjl) relative to C9), and assume that PN (W\{j}) = @. For simplicity,
let u = jggjl), then w is distinct from j by the same argument that u; is distinct from j, since because w is not in
C9). Thus, w is not in W, and so there is a path operator P(? with ¢ < ¢ such that h,, and hp anticommute.
Ifu= jé‘n, then P9 is a component of G[Cy® (Y], since u is in C,\C}, by construction of O,. However, u, is also
in P(@ which contradicts the requirement that u, is the endpoint of this path in (/. Thus, by Lemma 6 (a), u is
in U@?) for some p with u <ot v for some vertex v in Cp. Since u has two neighbors in (%, it has an additional
neighbor v' = k,&@l in C,\C/, for a componentP(") € 8t of G[Cy@C") with v < q. However, then P(*) = P which
contradicts our requirement that w; is not in C'9). Thus, jgg ';1) has four neighbors in C'9), and two of which are in Cj.

Therefore, jg{tl) < Clat1,t-1) kg‘il) for all t € {1,...,¢441}. The search process thereby updates Bt to (P(j))g;ré,
which is a valid fixed-pairing-type deformation. This completes the proof of statement (i). |

2. Proof of Statement (ii)

Proof of Lemma 8 (i1). We consider the case where there is a vertex in P N (W\{j}) at some step of our obstruction

search process. At the initial step, if PN (W\{g) # &, then j is tethered to another vertex j' relative to C. The
search process then returns the empty sequence O; with (j — j') in D. Since j’ is also tethered to j with respect to

C, then (§° — j) is in D, and the deformations O  and O have opposite pairing type.

Let 8“, = (P(j ))?:o correspond to 8,5 at step g > 0 of the obstruction search process, and assume that 8t is

(a,c) pairing. If u, is defined, then u, is in U (O,)\C¥). Assume without loss of generality that P(") € Bt is a
component of G[C,@C.]. Thus, u, is in C’\C} by the proof of Corollary 9. If u, is in W\{j}, then u, is in W. Let P
be the unique component of G[Cy@®CY| containing u,, then there is a unique closest vertex in W\{j} to u; in P as

required, i.e, u; itself. By Lemma 6, u; <¢ v with opposite pairing type to 83». Thus, the search process terminates
with Bf = Bt, Up = {u;}, and Vy = {u;}. Let u, = j', then (j — j') is in D, and 81- has opposite pairing type to
4

If w; is not in W\{j}, then our proof follows that given previously. We have that u; <) v with v in Cp, and u,
is the endpoint of a path component P of G[C,&C/]. Thus, if there is a vertex in P N (W\{j}), then there is a unique

closest vertex w to u; in P as required. Let P = jégﬂ)—kégﬂ)— ..., and assume that jg‘ﬁl)

u; in P such that jggjl) ACa+1,-1) kigfll). As in the proof of statement (i), jggjl) has three neighbors in C9); and

is the closest vertex to

two of which are in C}. There is a contradiction if jggjl) is not in W\{j}, and so jggjl) is in W. If jgﬁl) = w, then
w <¢ v has opposite pairing type to 8t, since w € C/\C has two neighbors in Cj. If w is closer to u; than jgi"{l),
then w has two neighbors in Cj, and so w <¢ v has opposite pairing type to Bt. In either case, the search process
terminates with Oy = Oy, Uy = {u;}, and V; = {w}. Let w = 5, then (§j — j') is in D, and O has opposite pairing

type to 83-/. This completes the proof of statement (ii). |
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3. Proof of Statement (iii)

Proof of Lemma 8 (iii). Let 83 = P(J)) 81/ = P(J)) and let r be the smallest index such that P( " is in

0;NO; Further suppose without loss of generality that 8 and 8 i are both (a,c) pairing deformations with j
dlbtlnct from g

7=0> 3=0>

(9)

If ](T) = 7, then 3( ") is distinct from j'. Thus, there is a path P such that hjg” and hp,(,) anticommute with

(r) (r)

j ") in U t)((’) ¢+). However, this cannot be the case if j is in W, since then j,’ <¢ kg’ has opposite pairing

type to 8 i7, and we have assumed that 8 and 8 i are both (a,c¢) pairing. A similar argument holds if ]( -

Thus, jé ") is not in {4,3"}. Then j(() ") is in U(g’t)(O 1) NUPD (0 ,), and h.(,,.) anticommutes with hP(g> and hP<,,>

for g < r. This is a contradiction to Corollary 10 unless P(g ) = P(p ) , however this contradicts the assumption that r is

the smallest index. Therefore, there is no path component in the intersection 8 N 8 i, and 8 and 8 i are disjoint
as collections of induced paths This completes the proof of statement (iii). |

4. Proof of Statement (iv)

Proof of Lemma 8 (iv). In the setting of statement (iii), assume that j” obstructs 81- and 83-/. Let CJ(.T’S) correspond

to the deformation until jgr_)l =G rs—1) kgr_)l of C' by 83-, and similarly for CJ(.,T’S)

and w is in U;T’S) N U;;q’t). Since P;T) and P;f])

distinct by statement (iii), this contradicts Corollary 10. Thus isnot in U NU as U NU; = @
If 3 is not in U; UUj/, then let U; = {u;} and Uy = {u;}. Smce u; and uj are distinct, and neither vertex is in W,
then both Vertices are the endpoints of the same path component P. Since j” is the closest vertex in PNW to both u;

m+1 m-+1 (m+1 m+1)
oY kel kY D e

a component of G[C,®C], where {](m+1)} m 1 g a subset of C/\Cy, {k(m+1)} m1tis a subset of Cy\CY, 7 jim ) = uj,
and j(’:H) = ujs. As in the proof of statement (ii), P N C}, is a subset of O;m) N C’jfn ). Let C’(m+1 ) = CJ(.W)@PQS_l.

If w is in U; U Uy, then h,, anticommutes with hP(r) and hP<q),

-/

and wuj, then 3" is the only vertex in PNW. Without loss of generality, let P = j;

P cannot have both endpoints in C/; unless there is a vertex Jg ;r ) Aolmits—1) k:gTH IijmH) is the closest such
E

vertex to J(m+1) then, as in the proof of statements (i) and (ii), this vertex is j” and has three neighbors in CJ(.m),
and two of which are in Cj. Similarly, u;s is tethered to 4" relative to C' J(fn,), and two of the three neighbors to 5 in
CJ(-Z”/) are in Cj.

If 5 has the same clone in both C(.m) and C(.,m/), then let 5" <C;m> v denote this clone, and suppose that 3" = Jz()mfl)

(m+1) .(m+1) -(7n+1)}

with 1 < p </4y,41. Then {v,5,°5 ", 3,-1 ', 7, induces a claw. Let 5" =<otm v and " < mry v’ for v distinct
i

ol
J
from v’. Let C be such that T'c(j") = bg-ap-by, i.e., by = k;’f;l), b, = k;’f?l), and j” <¢ ag. Then j” is contained

in at most one path component in O; U Qs by Corollary 9. Further, 3" = j(r) is in P(T)

rj’ = j(T) is in P(T) for
some r and s, as j” is in C/\C. Thus, j” is not contalned in any path component of O U Oy, since this contradlcts
the requirement that 5" is not in C’J(-m) U C’J(.Zn . If §” anticommutes with the corresponding operator to any path
component of O; UOj/, then j” is in U;T’S) or 5/ is in U;,T’S) by Lemma 6 (a), which contradicts the requirement that
4" has three neighbors in both C’J(-m) and C’J(.fn/) by Lemma 6 and Corollary 10. Therefore hj» commutes with the
operator corresponding to any path component in O; U O;: and 4" is not contained in any such path. Thus, j” has
three neighbors in every even hole CJ(.T’S) and CJ(.T’S) for all r and s. Similarly, by and b; are not contained in any path
component in O; U Oy as 4" is in this same component. If 7 is the smallest index such that this vertex belongs to
P then the vertex is kgr_)l for some s since it is in Cp. Thus, two of the three neighbors to 5" in CJ(.T’S) and CJ(.T’S)

are by and by for all » and s. In particular, Fc(m) = bg-v-b; and F m/) = bgp-v'-b;.

At least one of v and v’ is distinct from v”, and so v” is contalned in a path in either 8 or 8 Without loss of
generality, assume that v’ = k( ) for a component P( " e 8 of G[C,®C"). If 3" is in U( s') for any s', then this
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contradicts Lemma 6, since hj+ and h P commute. If j” is neighboring to kif)_l for any s’ # s, then this contradicts

the requirement that j” has only one neighbor in C,, however, if 5" is neighboring to jg) | for any s’ # s, then g is

in U™, Thus, FP" (3") = kgr)l—ggr)l for hj» and hP< y to commute. Then ¢ (5”) = bo- _]g )1—b1, and so ]g )1 is

in C/ \C since it has a neighbor in both C, and C’b Thus, ]( ") is not contained in any other path component in 8],

and j” < ogm g(g )1, ie. gﬁ )1 = v. Similarly, v” is not contained in any path component of 8j/ since this component

(m+ ) s

would be P; ), which contradicts statement (iii). Then 5" <otm v and 3" = gm") v". Further, Jp—o s meighboring
J 3’

j(m ) §g neighboring to v” and not to v by construction. Since u; is tethered to 7" relative

:(m+1)

to v and not to v, and Jp

to CJ(-m), then j](g_2 D s neighboring to v, and since u; is tethered to 4" relative to C ™) , then 7, is neighboring

to v”. If either of these vertices neighbors both v and v”, then this induces a claw w1th {v,g;m;rl),J;mfl),jém“)}.

(m+1)

Further v is the mutual neighbor to 3, _5 " and j" in C..

Now, note that j” has an additional neighbor w in C’.. w is not in C, since T'c(j”) = bp-v"-b;, and these vertices

r)

all neighbor v € C.. Further, u does not neighbor v”, since then w is in Pj( , which contradicts the requirement that

FP(T) (3") = v"-v. By Lemma 3, u neighbors at least one vertex in {bg, b1 }. If u neighbors by, then it also neighbors

:(m + )y oyl

m 1) ,u,v"} induces a claw. However, j,"5 ’-v-j —u—jpTgl) induces a hole of length four,

Jp—o ', otherwise {bo,j,_
which contradlcts the requlrement that |C})| > 3, since {uj, uj,j } is a subset of C/. Thus, u is neighboring to
b; and not to by, and so I'c/(by) = v—j"—u—jl(qm‘”'l) by Lemma 2 and since T'¢s (v) = {j(m+1),jll} and g(mﬂ) is not
neighboring to b; by construction. '

(m+2)

The vertex jz(,mﬂ) has an additional neighbor »’ in C’, and v’ is not in {v", by }, since both of these vertices have

(m+1)

neighbors in Cj. Then v’ is neighboring to v, otherwise {7, ,u,u’,v"} induces a claw. Further, e (v”) =

{v-3". 3, (m+1)_4/} and v’ is in Pm Additionally, w’ is neighboring to by by Corollary 1, and by has four neighbors in

(m+1) by

C’. Since T'cr(bg) = {g(m+2)—v -3”,u'}, then ' is neighboring to j," Lemma 2 and since 5" is neighboring to v

and w in C’. Then k' = 3, where |C’| = 2k', and T'cv (by) = u’ g;m;” . Thus, P = §"+1-by-5"-b1-5(" ), since
there are no additional vertices in C’, that are contained in this path.

Let u” be the additional neighbor to b; in C. ' is not in C’, since all neighbors to b; in C’ are neighboring to v”
in C, with the exception of w which is not in C. Then w” is neighboring to u, otherwise {by,v"”,u” , u} induces a

claw, and u” is neighboring to jg”H) by Corollary 1 and the fact that 5" does not have any additional neighbors in C.
By applying Lemma 3 to 5" <¢ v”, u has at most one additional neighbor in C. If u has an additional neighbor in C,
then w is in W and this initializes a deformation Wlth (a, ¢) pairing. However, the deformation path P initialized
by u is not contained in either 8 or 8 . as then 7" is in U@ which contradicts our prev1ous argument. Then
8 (P(T and 8 i/ is the empty sequence. Then g( b= 4’ isin W, and so j' and j” are tethered with respect

to C. If v does not initialize P; )7 then it has four neighbors in C. If k = 2, then v is neighboring to " as it is
neighboring every neighbor in C. If k > 2, then v and u’ have only two mutual neighbors, by and v”, and so v is
neighboring to w” by Lemma 2. This contradicts our assumption that w is not in P("), since w is a neighbor to u” in

C!. Thus, v = j as it initializes P;T).

Finally, let w be the additional neighbor to by in C,. This vertex must exist, since if k¥ = 2, then u’ neighbors every
vertex in C as it does not initialize P(T) however, then b; has five neighbors in ¢’. Further, w is not in C’, since

every neighbor to by in C' is nelghborlng to v” in C, with the exception of _]p m+2) , however this vertex is neighboring
(m+1) .(m +1)
p—

a claw. By Corollary 1, w is neighboring to u’, since v has no addltlonal neighbors in C. Then w is in P(T) nd
g 1(7 : S(m
in C. Let w’ be the additional neighbor to w in Cy. This vertex is not in C’, since both of the nelghbors to w in C’

have neighbors in Cj,, and w has no additional neighbors in C’ other than those specified. Further, w’ is neighboring

to u' for u' <1 w. However, this induces the claw {u' ,_7;7”;1) w” v"}. This claw exists since ]( ™+ Joes not

to v and not neighboring to its clone v in C. Then w is neighboring to Jp—2 , Otherwise {bo,J ,w,j"} induces

u' < w. Thus, w is the endpoint of P( i Further, j is in UV and so Jp— + ) has no additional neighbors

J
have any additional neighbors in C, and v” has two neighbors, bg and by, in C. This contradicts our assumption that
/A . /N .
J"isnot in U; UUj/, and so j" is in U; U Uy.
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We have that 3" is in U; U Ujr and U; N U = &. Therefore, 4" is the only member of exactly one of U; or Ujr. If
any vertex j” has three or more incoming arcs in the obstruction graph then there is a pair of deformations 8 and

4 with arcs incoming to 4", such that j” is not in U; UUj or 4" is in U; NUjs. Therefore, no such vertex exists.
This completes the proof of statement (iv). [ |

Appendix D: Proof of Lemma 9

Lemma 9 (restatement). The statements of Lemma 8 hold for {Bg‘i)}jew(i) and DY for all steps i in the search
process.

Proof. We prove this lemma in four statements corresponding to the statements of Lemma 8 as follows.
(i) The deformation 8?‘—&-1) is a possibly empty fixed-pairing-type deformation for all j in W+
(ii) The obstruction graph D(+1) is bipartite with coloring classes given by the pairing types.
(iii) The deformations {8§i+1)}jew(i+1) of a given pairing type are pairwise disjoint as sets of induced paths.

(iv) Every vertex in the obstruction graph D¢*1 has at most two incoming arcs. If (j — 5”) and (§ — j”) are in

DU+ then j” is the only member of exactly one of U;Hl) or U;fﬂ).

We assume that these statements hold at step 4 of the search process. The proof for each of these statements closely
follows that of the corresponding statement in Lemma 8.

Clearly the statement (i) holds if 8(”1) = 8;’) as output by Eq. (102). We shall prove that 8( 1 as output

by Eq. (103) is a fixed- pamng type deformation. We first prove this for the concatenation of sequences 8(3 i =

82-1, ||8§Z Let 8 pLiane 8() (PJ(J))j o, and 8( 0= (P((;,)J))?L:ng +1 where
(4) :
S Pj'j. , 7 €0 mT, (D1)
d".3) ijfmfl) je{m +1,....m+m'+1}.

If 8 or 8(, is empty, then let m = —1 or m’ = —1, respectively. Further, let 8(1 J) g (P((JJ)J )g o- Finally, let

C(T 9) C(r 9), and C(T 9) denote the respective even holes upon deforming C' by 8(,), and 8(1/ until step
(3".9)

(T 5).
By assumption, 8(3 4),m’ is a fixed-pairing-type deformation, and we shall show that ]g )1 =t k: , for all
)

(3.3

se{l,....¢}and all r € {m' +1,...,m+m' + 1}. Suppose this is true for all g < r with » > m/. Let

P, = 3R o2)

be a component of G[C,®C"] so that all deformations are (a,c) pairing. Either j((f) is in W or h o and hp

anticommute for 5, (" not in P(@ and P@ in 8§ . In either case _]é " s in O "\C as in the proof of Corollary 9, and so

j(() ") is not contained in any path component in 8 by Lemma 5 and the assumption that Bgl, and 8 jz) are

¢ (3"3)r=1
disjoint.

If jé ") is in W, then ](T) =<c k:(r) by the assumption that P((J,) ;) is an induced path component of G[C,&C¢] with

J(() ") as an endpoint. Thus, h o does not anticommute with any operator corresponding to a path in 8 ./, since g( ")

10

not contained in this path, and this contradicts Lemma 6, since j ' <¢ k( ") has the same pairing type as 8(

h o and hp anticommute for ](() ") not in P(@ and P@ in 8 2 , then h e does not anticommute with any operator

correspondlng to a path in 8(, , since ](( ") is not contained in this path, and this contradicts Corollary 10. Thus, h, )

and h cr=D anticommute by the assumption that 81 is a fixed-pairing-type deformation, and h o commutes w1th

@,3)

every operator corresponding to a path in 8(
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If k:( ") is not in C o 1) , then k( ") = kiq)l for some ¢ < r, however, then P(") = P(")_ which contradicts either the
assumption that 8§ is a fixed-paring-type deformation in which path components do not repeat by Corollary 7, or
the assumption that 8( and 8 ./ are disjoint. Thus, _7(() ") is in C 1) If k( ") is not the clone to _7( " in 7Y then

(3"3)°
I‘C<7 1)(3(()T)) = k(()r)_S—t. Since t is in FC((;:;)) (_70 )\I‘ (kér)) then t is in C((T/ 31) \C(r m'=2) Thus, t = .7@1 for

c("*l)
G'9)
,, in 8 Since t is neighboring to jér) in C/\C,, then P;,q) is a component of G[C,&C| with ¢ in C)\C},. Thus,

s is neighboring to k:(r) € Cy, ](T) € Cl,and t € C/, and so s is in C4,\C’, however, then s is also in P;,q). This

contradicts the assumption that s is in C’ ) Thus ]é ") <o k(()r).

@@’,3)
If 5 > 1 is such that k! is not in C'((; Jl), then k", is in C'(T " _2)\0((; Jl) Thus &7, = k{7, for P;?) € 8j,
However, then P((;)J) = P(,q), which contradicts the assumption that 8 and 8(, are disjoint. Thus, (( ' 3) NC, is a
(r
subset of C’(J J)
Let s > 1 be the smallest index such that jgr)l 740@571) k:(,r) . If JE )1 has four neighbors in C(J 3)7 then

I‘C<T 1) (]i )1) = k(r) —s—t—k(r) . Since s is a neighbor to k:(r)2 that is not a neighbor to k(fu then s is in

\C(T m=2), Thus, s = J(Q) in C)\Cy for Pj,q a component of G[Cy®CY]. Then t is neighboring to s € C/,
gg )1 e Cl, and k:(r)1 € Cy, and so t is in C,\C’. However, then tis also in P(9), which contradicts the assumption that

tisin O . Thus, if s > 1 is the smallest index such that ]S 1 74(7(' - 1) ki )1, then _7( ") has three neighbors in

(J 79

C((; ]1) and two of which are in Cj. That is, (7") is tethered to k:( )1 Wlth respect to C((; Jl)

Let FC“ -1 (gg )1) = k:(g )2 s- kgr)l Then gg )1 anticommutes with an operator corresponding to some path P(q)
4)

8 Ifg(r) is in P( , then _7( )1 is an endpoint of P( , and thus _7( _7( is in C/\C as in the proof of Corollary 6.
ThlS contradicts the assumption that 8 and 8 i are disjoint. Thus, jg )1 is in U@ t)(O 1), and j ; and ](q) are

in C"\C, and their mutual neighbor v € C’J(.i]’t Y is in C\C" as in the proof of Corollary 9 Since P(" ) is a subset of
G[C,®C.], then j(q) isin €/, and v is in {kgt)Q, k:ml} with v in C,. Thus, g(q is in C’( 4y » since it is not contained

in another path component of either 8]’ or 8j/, which would contradict the assumption that these deformations are

(g ) +(7) -(q)

disjoint. Since 7, is a mutual neighbor to j,’; and v in this hole, then s = 5;”;, and so s is in C,. If k:gr_)1 is not in

Cj(‘,]), ie,v= k:( ) 5), then k(r) = '(") is in P((“,) j) for ¢ <w <, which requires that k:( " s in C’. However, this is a

contradiction, since ké 1 heighbors J 1 €CLand s € C. If k‘S , Isin C(q) then ]g )1 is not in U(q t)((’)v) unless

k = 2 for |ij]’t D | = 2k by Corollary 3. Then gg )1 neighbors a mutual nelghbor w to ks ; and .73 2 in Cg(.?’tfl).

If wis in CJ(.?), then FC(?>(ng_)1) = w—k: 98- k9 ;-w. In order for ]( "), to have three neighbors in c it must
J

(J’ 71) ’

anticommute with the operator corresponding to another path P(( ).) with ¢ < u < r, however, then Jg )1 =7, (u )

since jg )1 is in C/\C and by Corollary 11. However, this contradicts the requirement that g(_)l is not in C JT 31))7

since j(jl is contamed in at most one path component between 8 and 8 If w is not in C’j, , then w = kgq).

Further, {Jt_l, } is a subset of FP@(Jg )1) which requires that jg )1 is neighboring to ](q) for hjg,;)1 and th(;I) to

anticommute. However, then PC(‘” (]i )1) = g(Q) k:(r)2 s- k( )1 J,EQ) and the argument follows as in the case where w is

()

in C’](.?). Therefore, j,”; is not tethered to j (r)

with respect to C(J J , and 88), P is a fixed-pairing-type deformation.

We now show that 85”1) is a fixed-pairing-type deformation. To achieve this, we consider a tree 7 whose vertices
are labeled by deformations B(J ), and 8(] ) has children 8(3 Y and 8(] Y for j < i if these deformations satisfy

Eq. (103). 8(3) has only one child 8“ 1) for j < if they are related by Eq. (102).

(i+1)

Proceedmg with the update to 8 , recall that u() is constructed such that u()

@

isin W or uj7f is in
U S)(O )\C(m) such that h ) and hP(r) anticommute. Suppose that the latter case is true, then if ull f is also in
3.f

W, then ul! )f is not in W by our assumption that ul’ )f is not the obstructing vertex to 8( 2 By Lemma 6 (a), the
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pairing type of ul f with its clone in C' is opposite to that of 8 , and so ul )f is contained in the obstruction set of

W. However, a vertex in the obstruction set of W can only be removed if there is a deformation 8 7) such that ug )f is

in U(‘I’t)((’)( )) where h ( ) and hP<q) anticommute for some j < i. If 8(J) is not a descendant of 8( in 'T( ) then

P,Eq) is not in 8( Y by the assumption that the deformations 8( ) are pairwise disjoint for all j in W@ . Thus, we
have a contradlctlon to Corollary 10. If 8(3 ) is a descendant of BY) in 7, then this contradicts Corollary 10 unless
P = P{?. Then there is no vertex u in U:f )(C’). )\C(.m such that h, and h,) anticommute for Ly ¢ > Ly .

3
(@) (@) (r+1) (')

This contradicts the assumption that w; ; is not in C( ™) ; since w; ¢ is contained in at most one

path component of 8( by Corollary 9. If » = m, then u( ) is in W . Thus, if 'u - 18 in U(T S)((’)( ))\C(m and h uld),
and h

J
is in P and u,

P anticommute, then u§ )f is not in W. Then u;)f = J, since this is the only instance in the search process in

which ug)f is not assigned to the only member of U™ S)(O( ))\C(m)
The remainder of the proof follows the proof of Lemma 8 Wlth the observation that if there is a vertex w whose

operator anticommutes with a path operator in Ot( and is not an element of that path, then if w is not in W& and
so u is not in W. This completes the proof. |

Appendix E: Proof of Lemma 11

Lemma 11 (restatement). Let H be a Hamiltonian with claw-free frustration graph G. The generalized characteristic
polynomial Zg(—u?) is given by

Za(—u?) = Z (—u)1PXI7221 % Lo ppay (— H he.

xegler Cex
Proof. By definition,
Za(—u?) = Ta(u)Tg(—u) (E1)
~ (s) & ()
= > (~wres > u'Qe (E2)
s=0 t=0
a(G) ,
=3 (~1rurtQE QY. (E3)
s,t=0

If s+t =1 (mod 2), then, by Theorem 1,

(-1°Q5'QE + (~1'Qg Rl = (-1rleg.Qd =0 (B4)
Hence,
a(G) t
Zo(-u?) = Y (-1wrtQEQY (E5)
s+t:§’t:(r?10d 2)
_ 3 (=)ISlyISHT g (E6)
S, TeSa
|SI+ITI=0  (mod 2)
— 3 (=D)ISIISHITH (hgor)? hoyphas- (E7)
S, TeSa

|S|+|T|=0 (mod 2)

As in the proof of Theorem 1 (i), we use the fact that every factor h; with j € S NT commutes with every factor in
hshr. Commuting a given factor of h; for j € S\T through hp\ g gives a factor of (—1) for every neighbor to j in
T\S. Using

ST = (S\T) U (T\S), (ES)
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gives
hs\rhrys = (1) FESTN R shgy (E9)
since G[S®T] is bipartite by Lemma 1. Thus, if [E[S®T]| = 1 (mod 2), then hg\php\ s + b\ shs\r = 0. Hence,
Za(—u?) = 3 (—D)SWSHT (hgnr)? heyrha s (E10)
S, TeSa

|S|+|T]=0 (mod 2)
|[E[S®T]|=0 (mod 2)

— > (=Dl g b, (E11)
S, TeSa
|S|+|T|=0 (mod 2)=0 (mod 2)
|E[SeT]|

By Lemma 1, G[S®T] is a disjoint union of paths and even holes. Suppose G[S®T] contains a path component P.
Since P either has odd-many vertices or odd-many edges, it cannot be the only component of G[S@®T]. Define

S = SaP, (E12)
T =T®P. (E13)
This gives distinct independent sets S and T for which S&T = S®T and |S| + |T| = |S| + |T|. This gives

(— )ISI \SH-IT\h hs = (- 1)‘SlUlSH‘lTlhS\PhTmPhSmPhT\P (E14)
= (—1)SHEFNSHT g phgaphraphr p, (E15)
= —(=1)SlSH T pghp. (E16)
Hence,
(=115l SHT gy + (_1>\§|u|§\+|flh§hf =0, (E17)
where we have used the fact that, if P has odd length, then |S| = |5, and if P has even length, then |S| = |S| £ 1.
Thus, (—1)ISIFIEFI = —(—1)IS. For a given collection of pairs (S, T) such that G[S®T] is fixed, we can choose a
path component by which to pair terms to cancel. Therefore, G[S@®T] contains no path components, so it must be a
collection of disjoint and non-neighboring even holes. In this case |S| = |S], and we have
Zo(—u®) = > (~u?)¥hghr, (E18)
S, TeSa
S@T=0X
xeese™
Zo(—u?) = Z (—u )|8X|/22\X\[G\F H he. (E19)
Xe(géeven) cex

By Lemma 4, this gives

ZG(,UQ): Z (7u2)|6< >|/22|X|IG\F H J(CO> (E20)
(Xye(Esvem) (Co)e(X)

completing the proof. |
Appendix F: Proof of Lemma 12

Lemma 12 (restatement). Let H be an SCF Hamiltonian with frustration graph G. Further, let K, be a simplicial
clique and let x be a simplicial mode with respect to K. Then

Gu 1+UZh XTG )
JEK,

=Zg(—u?) [1-u Z hji | x.
JEK,
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To prove Lemma 12, we first require the following lemma.
Lemma 18. Let K be a simplicial clique in G, and define Kj = T[]\ (K\{7}) to be the clique such thatT'[j] = K;UKj.
Then the following recursion relation holds.

) _ (k1)
QG\K + Z QG\K

JEKS
Proof. By Eq. (52), we have
(k) (k
Qank, T Z QG\(K UK;) (F1)
JEK,
and
(k=1) _ H(k-1) (h—2)
Qenk, = QG\(K UK T Z QG\(K UK UK e (F2)
keK\{j}
This gives
(k) (k—1) (k—2)
QG\K + > Qe — > QG\(K Uk UK e | P (F3)
JEK, keK\{j}
_ (k—1) (k—2)
QG\K + Z QG\K Z QG\(K UK UK el (F4)
JEK, Js kill:
J

The third term vanishes since QG\(? UK;UK»)
J

j # k. Therefore

is symmetric in j and k, but h; and hj anticommute for 7,k € K, and

k k
¢ = Qe+ Y Qeviha (F5)

JEK

completing the proof. |
Proof of Lemma 12. By Def. 7, it is sufficient to show that

Ltu Y hy | xTa(—u) =Ta(-u) [ 1—u > hi | x- (F6)
JEK JEK,

By equating coefficients of u*, this is equivalent to showing that

(k) + Z T XQ(k 1) Q(Cic) _ng) Z hy | x. (F7)

JeEK; JEK

We expand the left-hand side by applying Eq. (52) to the clique K in the first term and the clique K; = I'[G]\(K\{7})
in the second term. This gives

ol -0 _ [ o (k-1) (k-1) (k-2)
+ D hixQa = x| Qe Y- M Qe | T D hix | Qevk, + D hiQavgy |- (F8)
JEKS j'eKs JEK, j'EK;

For j € K, we see that hjx only anticommutes with hy if k is in K. Thus

(k-1 2 k-1 (k—1
XQE + Z hixQu ™ = (G\)K Z hy Q(G\(K)squ,) X+ Z QG\K) Z hy Qc\r g | hix o (F9)

JjeK JEK; JEK JjEK;

k (k—1 (k—1 (k—2)
Qo + 2 Qoehs | x= D | Qi uk,) + 2 hiQenryy | hax  (F10)
JeK; JeK; JeK;

K k-1 k-1 k-1
=Qe)x - Z (Q(G\(K)SUK ) +Q¢ " Q(G\K)> 3X (F11)
JeEK,
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and
(k—1) (k=1) _ (k—2)
QG\ K UKj ) QG\K - Z QG\(KSUKjUKj/)hj/' (F12)
J'eK NI}
This gives
k) k—1) k) k—1) (k—2)
( + Zh Q( (GX_ ( ZhX+ Z QG\(KUKUK,)h thjx. (F13)
JeEK, JjeEK j.J e,
i#d’
In the last term, Q(k 2) K.UK,;UK,,) 1S symmetric in j and 4', but hj and hj anticommute for j, j' € K, with 5 # 5.
J 3’

Thus, this term Vamshes and we have
XQE + 3" hix@QE TV = 1 QF QU > hy | x, (F14)
JEK, JEK,

completing the proof. |

Appendix G: Proof of Lemma 14

Lemma 14 (restatement). Let H be an SCF Hamiltonian with frustration graph G. The incognito modes {7 +;}7.;
satisfy the following anticommutation relations.

g 4ibg —x} =07 70517,

Proof. We have

T (00,4 T) = ) [T )T )| T ) (G1)
= T To(ug,) o To(~w)] To(us ) @)
VY]
— ]\1;[‘7‘Tg(—u‘77j) Zg(—u2) 1—u Z hi | x —Ta(u Z hi | xTa(—u) | Ta(ug ;),
T JEK, JEK,

where we have applied Lemma 12 in the last line. From our proof of Lemma 13, we have

To(u)g +T6(—u) = s Ta(—ug,) { Zo(—u?)x = 5 Ze(—u?)[H,x] = 5T6()[H,\|To(—u) } To(ug ;) (G3)

T 2
= Za(—u?)g 45 — gZG(—UZ)[H, V7 ,4+5) — gT(U)[H, V7,456 (—u) (G4)
= Za(—u?)g, g — — -Za(—u*)g 45 — —T(wg 1;Te(—u) (G5)
J,j T3
1
ey [Za(—u?) (ugj —w) g 15 — uTa(w)g +Ta(—u)] . (G6)
5]

Now, by rearranging and applying Z Y(—u?)Tg(u) to the right on both sides, we have

(ug; +u)Ta(u)y +j = (ug; —wibg 1;Ta(w). (GT7)
This requires choosing u # *uy ; for any pair (7, j), as Zg(—ug,;) is not invertible. Applying this allows us to write

(75 TexTa(—uw)} = LI 10w g 45 X Ta(—u). (@8)

g,y —u
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We now compute the anticommutation relation {¢7 4, x}. By applying Eq. (56), we obtain

II
(i} = 72 a(—ug )X Talug )X+ xTo(—ug )X (g ,)] (G9)
5]
210y 2
=N |Zok(uz ) — | ~ugy > hiTevrg(—ug ) | [ sy Y biTawgusy) | |- (G10)
T3 JEK JEK

Now, by applying Eq. (56) again, we have

{745 x} = ]2\[1}7] [2Ze\k (—u% ;) — Za(—u ;)] (G11)
= ;l\gjj Ze\k (—u? ). (G12)

By setting

1
Ng;=4uyz <ZG\KS(U\277]-)8Z§;$) i, ) ’ , (G13)
we have

{bg4i¥a -k} = 07,5017, (G14)
completing the proof. [ |

Appendix H: Proof of Lemma 15

Lemma 15 (restatement). Let H be an SCF Hamiltonian with frustration graph G. The single-particle energies
{e7,;}7,; and incognito modes {7 ;}7 ; satisfy

a(G)

H= Z Z ET.j '(/J.j -‘r]’wj,—]} HJ.

Proof. By following a similar analysis to the proof of Lemma 14, the commutator [¢);,1_;] may be expressed as

(V745 %7,—5] = Iy lim (WT(H)[¢J,+J‘7X]T(—U)>- (H1)

Ngj 7 wougi\ugj—u

2uyg TG (uyg, 0lg(—ug;
=y (T T g ) + Tl g s TG )
T.j U7 ,j u7.j
QUJJ 8Tg(UJJ) aTg( UJJ)
= 15 T =T ; — ) H3
ity (T T g 5) = Tl by 1 oy (H3)
Now, by using the anticommutation relation from the proof of Lemma 14, we obtain
8’le] 8Tg(UJ_j) 8TG(—qu)
; —j s (T(~uy ;) ———==-T ) — H4
.43 8.5) = =T (T ) T 98] Ty ) TG (1)
1 Y ! oT, : e (—uyg
QUJ7j or r=—u?% j 3u\77j aUJ,j
Then,
(@) a(G) —1
1 GZG(.’L‘) aTg(UJ j) OTa(—uz j)
e7,ilVg 450 7,-51 = — Ly ( To(-ugj)—F—== —Ta(ug ;) —F—== | .
j; J J J = 2'&2]7] ox J;:—u?j j J 8Uj7j J anJ
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By using
a(G
0Z¢() 1 TS (e (H6)
ox z=—u? 7.L2‘77j paie U?%k ’
=
we have
a(G) a(G) a(G) 2
1 8Tg(UJj) 8Tg(—UJj) —Ug g
ez glbgeiva—i) = —s1lg (TG —uy ) Ao uri) g, yteTU ) SN R
j; J[ +J J] 2 ; ( J) 8%7,; ( J) an,] kl;{ u2‘7,] . u%,k )
k#£T i
Finally, by the Lagrange interpolation formula,
a(G)
0T (u)
S D erilbgiibg 5| g = (TG(U)au u—p = (H8)

J \Ji=1

completing the proof.
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